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FREFACE

This 1s a tract desllng with Fourler transforms and
some topics naturally connected with them, and although
the material included is familiar, if not clagzical, Qé?re
is not much of a cuplication with other books 1n.f¥§:£1eld.
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CHAPTER I

o N\
N\
FOURIER TRANSFORMS IN L1 (ONE VARIAPRLE J{\C
{

:"\ “
\ o
Y

2.\
The Fourier transform of f{x) is b%‘ef”inition the
\

§1. Elementary properties

functional \\
D 1pex '\\'
bolot) = { e fL}(\S&x,

-0 .\(V}

A
A
e beling a real number. The s";‘zi]p‘fest claze of functions
&N
f{x) for which it can he jin’girfoduced ia the Lebesgue class
™

™
N <

N\

L, on (-w,wo).
/‘\
If f(x) € L1(-Q{§\}co ), then d.(ex) or, briefly, ¢{od
4 .
exista for every We shall recount a few properties of
L))

b ). "\~

) 0o
lblod! L W EN=§ 1f{x)ldx.
S ~co

N/
@2)- dlex) 1g uniformly contimucus in ~w<{ & < ©. If

¥ » 0, then we have:



2 1. TFOURIER TRANSFORMS IN L, (ONE VARIABLE)

oo
Lptocsy )bl | =I§ £ei® (-1 1ax|
et}

(e 8]
¢ §eE - 1ot jax
—00

[en)
¢ el 0|10 XY ax
-R R N
2 HE(x)ldx+yR [ £hx Mdx
¢ [5_ +S § +S
-
« N/

Given £ > 0, we can chooge R so large and af‘ta‘@i&rdq ¥ 30

amall that the last expressions add up to\éﬁq than &.

{1.3) It ¢, and ¢, are real number u,\\\smd T is the cper-
2 .'\ "4

ation which carries £ into ¢, then...&"

‘w

QO
L(cf‘+cf)—‘0rTf+c Tf

A Y
s‘.,

.:,&

(1.4) T{f(R}c)J,{‘ﬁE(&-); T(F(x)] = 3~
— <O

where ( ) denot%g\the complex conjugate.

. L) . s

(1.5) If‘..?,\':&;pquence of functions ff‘n(x}EJ/ f{x) in L;-
L.
norm, thew)i¥e sequence of thelr Fourier transforma
‘)

§d>n(?r<®'d3{0c) wniformly in -0 { & < o .

Sl
(Q"Q?‘j Iir Tf1= d31, Tf2= d}g, then
Qw ©

- o8]
/ 3ot nay = § b.(n)f (y)dy.
I o

In fact

i ¢( f(y)dy = S F.00§ eiir'xf1(x)ded:>'

and by Fublni's theorem this is egual to



§1. ZElementary Properties 3

o 1,

(1.61) ] § e”’{f1 (%)f,(y)dx dy
el =00

gince

ac o

(1.62) S 'gcolf‘,r{x)l - If (y)ldx dy
o oo

=5 1) ax o Lo (yilay .

=0 =

&
However, the double integral (1.61) is sm‘miéi\ri"c in
£, (x),f,(x), which proves our assertion. "'\
Remarks: It should be noted that concept\ua&]fﬁr the com-
poslileon-theorem (1.6) is radically dj\f‘ferent from the
more Important convolution- theorem \Qs embodied in theorem
? to ke proved lgter. In theorem, 2, the functions f‘ (x)
and i’?(x are composed by thETﬂEelves and thelr transforms
by themselve=z. However (X .~6) couposes a function with a
tranzform, and this= ca\hs be dons only because, in the case
of Fourler transfe{mh, both the functions and thelr trans-
forms are def‘i{ngd) over a commeon space, namely the line
-0 {y < qos;;‘v
\Y
R \\ - §2.
w\;\:‘TﬁEOHEM 1: If f{x)€ L (-®,m) then

\
3
\/

Riemann-lebescue lewma

1im ¢lx) =0 .

|| ~>co

Thia theorem is usually known as the Rlemanun-lebesgue

lemma,.



L I. FOURIER TRANSFORMS IN L, (ONE VARIABIE}

Procf: If we introduce any interval
T:ad{x{hb
and thes Tunction

1, ifxe T,

Wo(x] = |
1 fo,ifx & I,
then for f{x) = wI(x), we have (\~
{
o\
- 1U(b_' ixa % N
b leex dy = 8- & A\
bole) = § e il AN
a 47
A
QY
2o that N\
9.\

2 & ¥

RIS
. (::}v

Thie result holds for every stef~function f{x) whick is

s:\:{

constant on a finite numbeI{\:}ff‘ (beurded ) intervals ars
™

. . N

vanishes outside, on ac;:Quﬁt of (1.3}, These step-fune -

tions are densa iI} t@p&ce L1 (-, ), that iz, covrca-~

bording to each % 0, there exists a2 step function *©
) T e

guch that x{::;w
8,
~0 he -1 < ¢
N\ )
How, *”<\
AN
S\
\™ ~ )
Q/ de{Q) = d]f—f:' {xt o+ d)f' {aj’ {396(1 7))
= £
and

loalad] ¢ e o (o] + [6p (oo}
E

CE+ s (o]



§3. Comwolublon of two Mmeticns 5

Thus

?Tg;ol¢f(qdl e+ Tim [br (o)]-

| & [xl 2m ¢

But the second term on the right iz zero for a skep func-

fion I and therefore

o. &N\
Him Jéale)| € g. ) f\
lac| >co O
o
Letting €& —» 0, we obtaln the resull thatl wik’
lim Galee) = 0 NS
. xlSw L \\Q“’
N
X%
N\

§3. Convolutlicon ﬂ\@”xﬁunctions
186 £0x), 8(x) € L (-0 &8, and 1ot (o), dlor) be
thely respsetive Fourier tggggforms. The (resultant, or)
convgiutior of f and g<{§>defined to be

9
O,
WxY = § f(x-y)alydy

..js..} e
P\,
w@) o { }
¢ = § f{yielz-vidy ,
» s J =3 -
(}“ ~m

whevewéﬁé second integral arises Crom the firet if, for g
fi{€§“§, we replace the variable vy by x-y

We zhall now prove a result which states Lhat the
Fourler transform of the convolubion of two Functions is

the product of thelr transforms.



(ONE VARIABLE)

then the Integral

g Lo

I. FOURIER TRANSFORMS IN L

THECREM 2: If f,g € L1(-oo,oo)

defining h(x)} exigts for almest all x, belong

L, (~o0,00) and
W) IHen I et
(the notation 1s as in (1.1}). Furthermore,1f Ao} de-
N
)= OCJ Lj)(f.\

notes fthe Fourder transform of h(x} then (e
Proof': First we note that if fix) is measura()le in x,
\/

then f£(x-y)} iz messurable in (x,y). To show ,thg.t
a0 4\
S fx-t)g{t )t \‘\

0
.\,
exist almost everywhere, we observeo\tz at,

oy NV oo
[ If{x=t)l. 1gtt)ax I:g t'JII I£(y) Iay
Jg(tJI HfHEL( - ,@m ),

hix) =

—D

and hernce e
@ w M\\
J ool NP(x-t)11g(t) lax
_O:) ” :
.\\
exiets, and bér;:l?’ubini's theorem, it follows that

Ve

AN\
exis’ss and h(x) exists almost everywhere and is of class

\/"'b,fmo s ),

Furthermore,

\
Or q f
) _YOO XS [flx-t)I fg(t)lat

oo o
'Ipcxd - feex
x={ dx . e grmf(x*y}g(y}dy

Aex) =_fcoh(x)e
2o R



§4. Derivative of a functlon and 1ts transform 7

o o .
=5ajdx 5 rix-y)etxlx y)g(yjeuxydy
= “wo

o .
=S dy.g(y)elusi f(xjeuxxdx
-0 _“

= dia) . y(m},

and the justification follows again from Fubinl's thadesm

with £(x-3)e’*F Te(716397 ir place or f(x-y)g(m(\t.\"
NS ©
O

L 3
ol

§4. Derivative of a function and its;%vahsfom

AN\
One of our objects will be to prové<khat if

ther: o\
o
fx)~ N0 6T gl

L 2

in sgme sernse. But be S Pe proving 1t, we will note cer-
taln heuristic co &éﬁéncea of the Inverse relation, and
gstablish some of Jthem without the ald of the inverse re-
laticn., We Q?ye already noticed that
(A f}f f(x) has the Fourier transform d(oc) then

{x) lxh\hac the transfovm d{x+h), arnd

v\ }BJ if £{x) has the Fourler transform dfe) then
£(X+h) has the transform d{e)e o0,

Mow, propositions (A) and {(B) exhibif certain inver-

tive nrceperties, Trom which we deduce:

1xh_ L y—
(c) T[f(X) . e_l_l__ﬂL]zdﬂz_tli_}E_d}_(z_l



g I. FOURIER TRANSFORMS IN L, {ONE VARIABLIE)

and
-ipch

(y: prfEBIE) Loy L &L

Tentatively, if we let h — 0 In (C) and (D) we abtain

Tormally
(E): TIf{x).1x] = $t{x),
Iy "/\
(F}: T[f7(x)] = -ixdix}, N
and we shall now establish (E) and (F) cn a rﬂgprm-'\/\‘
N
basis. : A \}

THEOREM 3. (i) If F(x)€ L and 1xf{x) { /1, LacT
b (oclexistz and d)ixf'( ol = d' (). \\
(11) If £{(x)€ L, amd 5&\(@:) € L., ther.

.\

.u

SQSI’ Hxidx

(bfl(O(J = —imib(Of), also

{h.1) = <
‘:\;

»

: AN
Froof: (1) We have

(N ixh
%@‘1 Pr(x) L S

\\v/ = T[f (4{}] 247,
)

Now, f. {xl&af(x) In L. -norm, because P (x)ixf(x) a*
every DQ t X, and

i”\“rf GO el ?“‘"—-F <CIxlLIrxy e 1

Qapp]ying Property {(1.5% we get

uniformly, as h-So. Hence, at every polnt & , there cx’sta

the derivative 4! fee) in the Ordirarv sensge ard
=]



Derivative of a function end its Lransform g

o
=

(bixf(fx) = dJI(D()

{11) The preciae meaning of our assumptions is that

there exists a function g(x) ¢ I,1 which we choose to de-

nete by U'{x) and an indefirite lnteagral of it

such that N\
7Y -4
Sx) € Lo{-oo,00) &N
Mow, O\
a0
Tla) - fla) = g{x)as)
a \/
‘0
If we keep a fixed, an? let Ao \“‘@\rce g{x) € L,, we
have o I
A \\;\
x\\)
‘\X

Therefore, FIAY-S1 ; sm\lafnf f(-4}=> -m, say. Since
(x) € L, (-0 ,00) m{&\nﬁ% have 1 = -m = 0, and this, first

of all, proves gy{’ﬂj

How,if T{} (x)] = oc}, then
(\“' A
& 2 lim 4 eiw(df(x)
\;\::\’ A—wm A
AN
\o/ A A
Q ~ Um [[e¥Fr(x)} - i  e¥Fr(x)ax].
A'%\f‘ 'JC\ _A
But the bourdsry terms vanish becauze, 1= -m = 0, and

thus
glo) = -10che (o)

a3 clalmed.



10 I. FOURIER TRANSFORMS IN L, (ONE VARIABLE)

Remark: There is a wuch stronger theorem stating that if

rxye 1, amd £ € 1, then £, T e L,

We shall postpone this to & later context.

§5. Inversion formula

We wish to give some simple conditions under which

7™
1 —iocx \\
£lx) = 2 [ o g (olam Oy
Lo PR/
t 8 gl int that f{x) € L AT,
at a plven point x, assumi ) € e nTsoy
a glven mx s ng 1€ ’EDQ‘?J
Let . &
' .“\&(/
R N
(5.1) Spix) = 50— e“i“xtb(cx} o)
“R “<{/
Eoo NS,
-1 2in B
b S ¢ Flxstiat
‘st
2 (% Sin R -
=2 EC{‘ 11t . flxst) ;f(x £) ar
~ T
Tet .\{\
\\ ’
{5.2) fix+t) + fix-t)
K(X‘Lt) 5 - F(x).
2/
9,
Then'\w
s/
7
(s. 32‘:«,\\ Sp(x) - £(x) = S SiIl gin Rt
N R X(t)dt.

Qm@m;g

(t)

s
50 | dt < o,

Rlé‘ég Splx) = f(x) .



§5. Inversion Formula 11

Proof': Let 4 > 0 be fixed. Then,

o 4 @x g (t)
Spx) - £(x) ~ 2 [ go+ ) ] 45— sin Rt dt
=1, + I2 s 887F.

Now,*12= 0(1) by the Riemann-Tebesgue lemms. And, since
]ii{&)— 15 abgolutely integrable in (0,4), it follows &het
I,=g(6)> 0, as ¢ > 0. \’:>'

Remarks: TPheorem 4 shows that 1f f(x) ¢ L,, than\«he con-

vergsnce of SR(X) to (%) at 8 point depends \nly on the
behaviour of f(x) in & neighbarhood of théb point This

is BRlsmarn's localization theorem. ,\,
$

Note that the condition of theﬁt’ﬁeorem is fulfilled,
If f{x) has right and left derwativeﬂ at the point in
questlion, provided that f‘(x} J_Q no?*mallyed as
{f {:mo) + f{x-0)].

<§
§6. Unfﬂ}ﬁene%s of Fourder transform

THEOREM o4 )I_ flx)€ L,(-o,o ) and $(x) ~ 0 for
every o , _ljgg £{x) = ¢ almost everywhere.

w_gggr Let g, o(x) be the function defined as follows:

h)]—'

1, a{{x<{a ;

0, X > 8+8, < -
s> 8 x arg;

HEE L camedx .



Te I.FOURIER TRANSFORMS IN L, (ONE VARTABIE)

Iet
Ty ¢ (K] =g ¢ lox)s
20 that
T, (x)
= ol X} ¢ocs Feor dx
liJa:E (o) JO ga,&
.
- - = 1 a
= -5 go ga}ﬁ(x) sln %o d_xf\
- ofg 3 gin x;xdx{:\
Sa o\
« \/
Hencs 0’\"”’3'
1 *4
Yo lox) =0 (=), as [;x\ > xm
b .\\\‘
Therefore, since L_IJ (ch iz (contlnuouf\\and boundesd, we
r 4 {'
have (1}\
(6.1) %E(maL(-?n oo)
Q\,‘

Aleo, 2, I (%) satisPfies t}1ﬂ~‘f;9nd tion of theorem L a*
™
every poinl - ( x ( [ta2N "I‘herex ore by that theorsm we
have
o
6.2 x - paie-3 o
(6.2) N B, =7= § @ Ye g (x)de

{ \‘v' —n
’\

Fu:*thermore\on account of (6.1), the integral on Lhc rizhi

of {&. @comergec absolutely. Finally,

i”\; 0 e
6-5/‘] §Oof(3f)ga,t (X"}_}dy = ;-_ ¢(D<J‘~Iv’a}e (D{Je A.OQ(L___]O( .

This follows {either by the Compogition-rule in {1. ar

B

the integral -n [G.z)
and interchange the imegr&tmn, which 1

dlrectly) if we sups stitute for 2y
a,f

& justified by
the absoliuts Convergence of (g 2}



§6. Uniqueness of Fourier transform 13
Since d¢{x} = 0, we have:

o0
£, ( ")1'=0,
S *{J)ga’EXBG:Y

or,
X+a
§  T(y¥y = o0, for each a,
x=8
o, N\
(" r(y)ay = 0, for all  and p 4
JO( '\‘\
) N

%
X
S

Hence £{x) = 0 for almost all x; that is, f(s’g}* s the rull
-funection of the class L (-~o,w) or, T tl?er: the nuil-
-glement of the Banach space L (-2, Q\)"

Bemarks: We will easlly exteng thi'\svtheovor to several
variables, as will be seen in the» next. chapter.

In one variable, howeve&,‘ there is s desper theorem
in which the (absclute) @iqa:egrability of f(x} in (-co,m }
ig entirely tfispenseﬁ“{yith and only the exlistence of the
Cauchy 1imis s\\ o R

M«x) 1m § e®Fr(x)ax

‘\. A2oo A

for @_r_e_‘r*ﬂ \is presuppoded. Thile type of theorcwm has,
up*aaro{ﬂ}kjy, rever becn extended to mcre than cne variasble,
andr\ary ron-trivial result in this direclion would be very

{e;\éirable indeed.

§7. Sumrabllity theorems

let fi{x) € L Kix) € L1. We know that i T[f{xz)]

= da), then TIf{x+t)] = dledo T | Tet T(K(w)] = H(t).



1% I. FOURIER TRANSFORMS IN Ll (ONE VARIBAIE)

Then T[K(%J] = R H{Rt). Assume:

(7.1) K (x) € Ly{-00,00)
{7.2) K{o) =1, K(x) ig continuous at o = 9
(7.3) K(%) can be "lmwerted” at the oripin; :tiah ig
oo N
1= 5% § RH(RL)AL L\
o <\\
{7.4) K{x) 1is even. . QO
O
Define: ' >
\\&v
"4
X RN
(7.9) Splx) = S blorte ™ :@Jdm .
M' &
W \Y,
e then have the following g:;'
LEMMA 1: R\ &
«:\\*
(7.6) Copreedyy 0
51;{-‘{} P [ e (4)RH(RL )=
RA) ©
wh
ers gx (t) is dg%ﬁse?j 88 in (5.2).
Proof; (\)
1
Qfg‘ = S_ £ x4t JRH(RE )it
o

on &
CN‘UHE of property (1 '6}' If wWe now U=EE gus |1[v-v-"‘|r\'r]
(?\E‘J on Kioe), we obtain:
O
O & %
X} - Plx) = 1o
R (x3 2 EOO IP(X+t) - P(x}IRH(RL)At.
By assy i
umption (7,43, H(t) sg even; so that

K
S (x) - 1™
RIS §, Bx(tIRI(Re Jat.
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K
LEMMA ©: If H{t) > 0, then S (x} € L,(-ww,m ) as &
= R .
function iv x (even for small RJ.

For,

K
I SR{X}II < ﬂ—g-(;iim— SODRH(Rt}dt
=a

= [l £1] .

Let us now speciallze the function K(«) and ses hovg{'{}(z@

will read. ) {:5\ “
i 1, 1 < e < 1 P “\\\)‘
(7.7} K{x) = i <}
I 0, outside 0
1 2ﬁ§-'\g\t
H{L) = 2 SOCOScxt dee j&"
K \'}
« _j.O(SE
S (x) = o= § o %X Flodx
2T §R “‘\\k
= - (“X _._t
O
R
(\‘)2 R(X)
>
N
in the notation of §s.
x'\v
) Q‘“ U P S
(7.8) .8 E{ex) =
N\ i o, Il >
QP |
1 1
- R _ singt
H{t) = = 50(1—<x)cos xt de = 2 50(1 qu“ t
_ ! 21 —cost_( gin t/2 JE

Ssincxt de = T T =
)

t/e

|
o
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K R i
S0 =g § 07 R0 bl
R ~locx Lo
= § - (e dlee T,
R
= So (1-%)% 8 (x)
]_R N
= g § 2 d« \\

- ’ CD_ £ N
(1.9)  Klx) = 3% | gy = 2§ 6% cos ot dpes —L

(7.10) EKfox) = &%

T
=
o+
f
=
(1]
4
+
-
~n‘9
7
/)
Il
T
(=3
r
s

AN

THEOREM 6: If (1) K{w) € I‘xgi‘dz},ooj, (2) K{a) = 1,

NS

(3) Klo) 1s continuous at o eh 0 ang (b)) K(x) = K(-a); ir
A anad = o)y

ol

( ) ( ) 3 IBon |¢] 19(!3@ 3 S t s
-~ H t 1 Ot n@l v
. a3 in in o ) < e8] a.l’id { 3 )

jaa]
SE(EI < o, and pegher ¢
X a_g_heza C(D?) tH{t) >0 a8 t S0, and ir

furthermore (8) % il
== PUETRIG D 1
,x& = ._YOOH(t)dt; then, at a po'nt x, the
LD

condition sy N\
A/

L >
N/

::\ 1 h
Y I3} j ) g};(t Jat
o}

3
o
#

O
im%‘l‘;%é
Q, skx) - r(x)

Note that H{t) 1a even,

I

o{1), as h > ¢

it

0(1), 88 R > o .

Since K(e) ig even, and that,

as will he Droved b
N 8 Sequently ip Lheorem %, assumntion (&)
- oo LT LA

iz a eon
Sequence of the Erevious oneg
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froof: From (7.6} wo have

K . oo
DR{J{J - fix) = = 50 gxn\t)Pﬂ(Rt}ﬂt
1 00
= & §
o 11

I we put s
t ¢\Q}

a(t) = § g (s)ds, )
. e} \3\‘
we have /(‘é ‘
I gu RH( Rt )d X &}/
- T
O
o2y

&7
= uRk . H{Ru} —‘—J—QQG( IR a H{R.}

1l

of1) + o(g;fﬁ d H(RE)
/\Q 11

= o(J\Q}+ o{uR . H{Ru) - § RH(Rt)dt)
o
and finslly /,,6
\4
(7.11) /2}(\\} I, =o{1),

hy as:mrbg{ﬁ}o (6) and (7). Also
\\

9.9 N . o+
N L AL )+E(XTE) o oxVIRH(RE oL

O = f, 55
QO )

1 . oo i
I, ;1 { 5z RA(Ra) §  [f(x+t) ot
. z “ _

L)
1 L t
{ 5w - uR . H(Ra) . 5 [f(x+t)idt
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(?.1.2} (¢ ,8as R > o, for Mixed u.

Simllarly,
(7.13.) ' 1T, 5 <€ -

RIf ® _ e (o -
31(—[-%)-I—SuH(Rt)dt~. o § Bt = o),

as R = w, because of assumption {7). N\
The result now follows from {(7.11) to (7.73) ,\“\’
A\
THEOR®EM 7. Assumptiong: (1} K{x) 13 the same. aa @

theorem 6, and H(t) satlsfles assumption {(&); ' ?3 t‘here

exlsts a function H_(t) satisfying asaum‘ptién@ (5) {6}

and (7) of H(t) in theorem 6 such that 1}{I\t)|§ H (t).
\\

s,'

Conclusion: if

5 1gx ydt = qﬁi’i, as h - o0,

ct+
I
D
i
$

K n\
SR(x) - {‘gx)= o{1), as R = m.
L\
The proof 1s slm@,ﬁ'ﬁ to that of theorem 6; we have only

to use the fa

‘\\’gx(t)li HEeL)) IEEEd ey

Rﬁ"wa\ﬂ{—s: In theorem 7 the assumption on K(x) and assump-

tion (&) were'}:;eeded only to secure the Integral repre-
sentation of 8 (x).
R



§7. Summabllity thecorems 13

Theorem & covers the cases when K(x) = e_r“] {Abel}
=}
and Kix) = ¢ ™ (Gauss) but not (Feier):
fo1r - loed < 1
Kix) = | ’ ’
f o, laf > .
Theorem 7 covers the last case, because ~
sin t/e .° ¢ ‘N
{ =) < . \)
t/e Tat? 'S\
N/

Since Shg (t)At — o if and only 1{’,27;5 f{x+t)dt
N\ -h

- f(x), and the latter holds almost everywhere for
f{x) € L by the fundamentsl theorem sﬁﬁ'absolute cont irmi-
ty of the irdefinite integral, ther\fore theorem é proves
that the Fourisr transform of,&n‘L -function 1s Ahel-
{or Gauas -)summable a.lmost éverwhere.

Even the more qtrlnge;t condition h Sh[gx(t)Idte ]
iz satisfled almost @krywhere by a further theorem of
lebesgue, and henc}‘\by theorem 7, the Fourler transform

of an LT functiqm is gummable (C,1) almost everywhere.

'\”'
\‘

@\' come applications of summebillity theorems.

;"\'I’HEOREM g, If f(x}E L and dloc) € L then

-4

AY

ja3] .
= § e ¥ bl = £lx),

aimogt everywhers.

Froof: By theorem 5, we have, for almost all x,

0o -
(&.13 flx) = 1im 1—5 g lxx o R ¢ {oc)doe

R=w °F oo
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Since ¢(x) € L,, we have

_ Lt

1 1 o0 )
1_ S gun [e‘.i.XOCO R d}(of}|dcx= "él_" X |e J_Xo(é(o()“ifx < Y
R e

Hence in (€.1) we may let R—=2co under the integral- aign

arnd It follows by "majorized limits" that

N\
o \
o 1 =1xtee s
Plx)=5=§ e b (oc)dox O\
nT ECO C \‘
almost everywhsre. K“S
Bewaric: 1f we dsfine for all x , <v
B
- 1 o1
rolx) = Zo X“@}a«
\"
then, by the uniquenses theorem ( )l}‘f(x = f‘ (x) almo=t

everywhere, snd thus it followg‘»\th&t P{x) differs from a

continuocus function on & GG‘L{“@*’ measiure zern

“~3

REM 4: If f‘(xl\e L and [f{x)| (M in -h {x {h,
h o, and d(e) > D,\&t@en

‘&m(«nd«z §% b0
\\-00 oo oMo @

o ,
Prooga e assume First that

R

}33 [0 <N, e (o),
put Kls) = ¢ [ Then
K 1 ’_co
|SR(J{}.i = [EE __yool(:m TH{t at |
@

(t)dt =
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go that
K
18 (o) N ;
R
ol, - ikl
R
(g.2) { dxle " dx< 2nN

=00

Due to ¢(x) > 0, we mAay pass to the limit as B> ungar‘

the integral eign, and obtain A )
)
- N\
{g.2} f odlx) dx { 2x N AN
_m x“\l\“‘)
which proves the assertion. \\'\V
Actumlly 1t 1is enough to assume {i\@t [£(x)] (M in
(-h, h), for O
: '('Nt
K bR fhR oo
S(xy=1 a0 + §
R “hR &G = hR
A\
at x = 0, we cbtain N
AN nR
Y

f\v’\\' “hR
N\ A
&z before. Theiyby using the property 'H(t)| T for
AN _

h{% < oojr@&btain an estimate

iw\..{" -hR

Nl C e T g
“.':; =@ hE
N .

{?f@rmly for 1 { R { w, and we obtain the conclusions
{

Remarks: From theorems 8 and 9 we observe the followlng:

.2) and then (8.3) with M, + M, instead of N.

(A)Y: If f(x)€ L1 and f(x) i1e contiminus, and

dlx) € L,, then inversion holds everywhere.



2z T, FOURIER TRANSFORMS IN L, { ONE VARTABLE)

{B): If f{x) €L, 1s bounded and contirtous and has
a positive (that 1is, non-negative) transform, then lnver-

sion holds gverywhere.

§5. Continuity Iin norm

Let . N\
o8] \
£(x) € Ly, fplx) = L), HEII=§ lf(x{&‘ = A
then, N fyll= I £1l. TLet A
O
w(h) = 11 £(x) - £ (N
N
\Y;
= O 1r(x) 0P (xah ) fax
b0
Then, wi(t) 1s sven and bound‘e\)g'ii;“"o < wilh) < 2A; wih.+ h?)
a0 -

LN

Proof: let f‘\{~§\\\= 1 in {a,b) and f{x) = 0 outeite
{a,b). Thenxg\ '

L))
o N

0o { a+h b+h
§ |i;?‘}h)) - f{x)dx = § dx + § Tax = oh->0,85 h—>0.
\»\‘, & b
31 \uat
S

*
™,
o “;‘

O
<>~~./

the result 1s true for step-runctions. Again let If,|

e g (B < wp () ¥ wp (1)

be & sequence of step-functions such that # = ; then
n )

W(h}{w_(h) h
hig ffn +wfr(1)



§9. Contimulty in norm 23
{effr - f‘n!] + Wfr{lh)

{ € +e(h) - 0.

THEQREM 11. If f(x}, g(x) are bounded functions of
clags L1, then the Integral

hix K f(x+y)e(y) @ S Flx-y)e(-y) ay \

e Oy
.<\
exlste for every x, and h(x) is bounded, continugc;g &nd of
class L1( —00,00 ). “'\‘\)
D
Proof:

\\/

N

\\

| j fx+y)e(y) dyl §S !f(xw)f@\ sup 1g(y)l

=Co &
o)

N
5\ "
thus h(x) is bounded; it ielalso continucus, for
N

7R

S
Ih(x) - h{x+t)! g:}\ [£(y+x) - P(y+x+t) . lg(y)Idy
:& -0

¥ 4

L >
ST s le(mil welt),
s‘“)
and by t}%}‘favioua theorem, w(t)->0 as t—=0, so that
O
A
N Ih{x) - h{x+t)] = €(t) = o(1), as t=>0.

<>;‘ W

THEOREM 12. If #{x) 1= a bounded functicn of class L1 s

then

i

N &
§Ie)1%ax = 2= fd(e) [Pdu
-2

27
-0

the intepgrals helng finite.
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Froof: Setting up the function
0:) —
hix) = S f{x+y)f(y)dy
=0

we observe that by thsorem 2,

Trh(x)] = 1dloc) 15D O.

N
By theorem 11, h(x) is bounded and contirucus augi:‘y‘f‘ class
L1. It haa a positive transform. Honcc by‘ig’l’;a}u'-r:rn 4, in-
vergion holdas everywhere, <j~;}“3
e ., \39 o looxg,
e ’SQC'

Settlng x = 0, we got the reqmr% reault.

THEQREM 13. If f(x), g% % Mare both bournded funclions
s:\:‘“
of ¢lass L, then P\

T Y
TS
N

.3

oo
§oelxox = —5 blo) Yla)n

'\}
Proof': B}\theorem 12,
,.’\’:) o oo .
x,\;.,} SOOMJ(O:H doe { o, 5 ! \}J‘\orl‘ir_"i@ <o

& -0

Q~ g (o) G
o¥1sta. Hence, at gvery polnt (since h{x) is coxntinuous

by theorem 11} the Inversion-formela holds (cf . thenrem &)

O

for the convolution h{x), that is=:

jee]
hix) = F e 1 2P -
500 (x+y)e(¥idy = L f_ =1



§19. Bummability in norm ' 25

detting x = 0, we obtain the reguired result.

§10. Zummabiiity in norm.

THEOREM 14. Let ©{x) € I.-1; let Ko}, H(t) satisfy

the assumptions of theorem 6. Then

X o\
s (x) - £l — o O\
. R O
g3 R —> w. ‘\.}
Proof: By lemms 2 of §7, & (x} € L (5 - }y angd

‘ \'>\V
I8 G0 - £)) < 3‘55 1T (xet) —‘Ecxmmr (Re)ldt

_ \é/
Hence A\’:}
m K o \
§ 18 (x) - Plx}dmy-
e E \‘:,‘\\
N
[on) oo s’\"
< S ATlx+t) - £(x)IRIE(RE)[dt
\3
{ 7 5\\ ) RIH(Rt)]dt
- »S@I
p.N
{
—?Qg}g (6) RIH(RE)1dt
N/

,“.
u />/

o1}

a5 R = o, ainee w(l) is bounded and w(t)-> 0 as t = o0,
while tH{t) = 0 as t = oo.
Remarks: We have proved that under suitable conditions:

(1} 8 {x} ~> f(x) almost everywhere, as R = o ;
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K
(i1} 8 (x) — f(x) in L1 ~TOIm.

§11. Derivatives of a function and thelr transformg

We recall thecrem 3, whilch says:

(1) if f(x) € L1 and ixf(x) € L1, then

(11) if f(x) € L, g(x} € L,, and glx) = ;'}\(x~), then
K
Plo) = dablad. 0
O
We now wish to prove \\

THEOREM 15. If f(x) € L., g{f}‘_‘ L, and (o) = T(g]
= —itx${ec), then glx) = ' (x) almést everywhera, that

o

—
o

].. -.

Y

s‘\‘ CEY
f{x %‘—S g(y)dy.

\
“’

Proof: Speciallease: Assume that ¢{x), kP(cx‘el
(-®,m). In h{s'case we can use the Inwversion-tormula,

and hence, fohalmost a1l x,
) W

\<& -
w7 _ 1 3
L A T R IOC
A\
RS e
‘\:..‘:; gix) = S Sooe R e ~loch (o0 Jiex
Q/w/ -
5o that
b : ®
= — _'b —1
Sag(x)dx 2§ (e7iPo la{x)-i:(ajdcx

se;

= {b) - f{a)
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hence
g2{x) = ' {x)
almost everywhere.

o

General case: Let Kig) = 6™ and put

® ax
fR(X) e So: e (o )K(F)dex . {\

\‘f};
5 (%) G 1ach (00K () )
=0
KN}

By lewms 2, §7, T (x), g (x)e L, (-0 ,00) &Y‘(lso

'f

\\
n) -r (a) %&de
\ A

Hence ,\‘;
f (x} = —g "*g (y)dy.
N
R\
Bat \'\3
(11.1) lim, { 1g (y) - gly)ldy = o
JeE “oo R
e\
£
by theoregl\w Therefore, in particular, for cvery fixed
N/

N

X, we %e
W
‘\{} So:} o0 y
™ lim f (%) = 1im - g (yldy = - g(yldy.
Q’ R—=m R E—=ew "x R Sx

On the other hand, f (x) converges almost everywhere to
R

f(x) by theorem 6. Thus, for almost all =z,

OO
P{x) = - § elyy,
X
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which impliss our assertion.

THEQREM 16. E f(}() £ L.l_, E(X} < L.I, Trey - ';'1::0() ajpl
T(g] = Yler), and if rloc) = i) where 10 1o g toglitive
integer, then T has n derivabives all belongizg: ' nlass L1.

Note that the conclusion implies that (-io) i e ),
£k =0,...,0n are all tranzsforms. &N\

Frocf: We will first show that if d{x) e o r\
(-1o0™ )€ T, n ) 2, then (-imdlor) € T (hg \"D

7 ‘n" N
2

&v
.\\I{l

iz a transform].
1

‘)

For, ST ig 8 transform and ao hK\{’\
R eo‘f-’*\”
_ "4
(x+1)" 1'(‘}\
and hence, again by theorem 2, ™
«:‘::‘«
J_L" Nt ~
it €T
AN (x+1 )
But ')
: ¢ \J
Q
-1 §(p rol ,
) -1 =E —iDC+A+Z ‘c\;‘—. 11;!'0(‘-,
2N - 0] | s v
¢ +i) J=0 sy
x:\'w {or+1 ]

Lif deo belorgs to T, and the last two borng on the

rl«g}a\t’ side also belong to P; hence
o

<> {-ix)dlec) € 1.

We e 4
xt apply this result successively, ard ohuerve Lbab

(~ic<)k¢n(0<)€ T, k=0,...,0.

Hence,by theor =
o g m 1 W 1 . . ~
5’ © cou d Successlvel‘; '.'146'}4_?':]_"-"_(_-:' -~ (K )



£11. Derivatives of a function and their transforma 2

within L, {-® .},
THEOREM 17. If f(x} € L, ard has n derivatives and
2oy ¢, then 1 xy e T, 0 Cie (.

Troof: By hypotheszis,

f(k){x) = o(Ix1™ a= |z|l—wm. A\
ot K(x) = 0% 5 let &
PR
\../’
) = g eI oo /Ry,
R =% -0 :}
\\\
Az ir {7.5) we have \\
s,
£ {x) = = £( —J (Rt )dt,
R\ =% Euo i Q

§;~
where H iz the tranzform of K~.~‘ x‘Set R = 1, and ther we have:
oo N
9{‘{“@(&)9“ Aox = == 5 T{x+%)H(t )L,
D
\\

By mcce&siwsa’jffefent atione of the first integral,

{11.2) f(x) 21:

.x\./
we chtain :.\u)
A\
\1&:. w —ipex -
(1.3) D, (x) = 5§ (1) dloc)e ax
s\" oo

£\

Emd<g.e a rule guch formal differentistlior under the inte-
gral-sigr is admiszazlale whenever the derived integral is

convergent uniformly in every finfte x-interval. Since
{
f‘k}(x) = O fx!™) as x>0, 0k n

2
ard H(E) = & " /h, this rule also applies to the zecond
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integral in (11.2} so that

D, (x) = = e (e

and H(t) belng evsn, thils 1s:

jan
(11.4%) [Pf1(x) - E%F S f{n}(x-y)ﬂ(y}d;_
Yo N
ut ™) (x-y) and H(y) both belony to L. At e 1_;.}-
(1.6}, (11.4) implies :,\
« \J/
(11.5) DU (x) = —— Sme'i“x (0()0_0(: {}x«,
I e -0o ¥ . &
3 \\\\; g
The two functions, (-ix)™ d{xle & , «}N\«)t:_‘x Arcewning in

(311.3) and (11.5) both belong to LN\D Jon ), mrel. o ove-
placing 1 by -1, the function D (x} appears s ho com-

‘s

mon Fourier transform of both By theorem . arsi con-

vinuity in e, we Conclud*e that they are eninl a:s! acnce:
,QCS\ n

g\\ﬁw) dlex) = y (o)

Thus, P

{L D
"y S/

£
AW

o T (x)] = (10T bia) .

O\y/
How, &n@ theorem 16, we obgerve that each cf tne deri-
Vatﬁ:ﬁes r k)(X) k= o

@‘( 00,00 .
§12. Depree or approximation

We proved that ir

s+++,0°1, belongs to the claszs

h
Sogx{t)dt =0o(1) ash > o
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then
5 {x}) -f(x}=0(1) as R = w.
R
We now assums that

§ g (t)at = on’9), g > o0

o
&
ard degire to conclude that O\
o
q K W\
R (3 (x) - f{x)) = of1). AN ¢
R ,;;\\\3
L "4

THECREM 12. The assumptions on.K(uJ\gSH,H(t} are the

Same aQ before (§7) except for § H(tk{é&t { m instesd of
cnly 5 H{t)dt { co. We then haqe‘ D

Q\ﬁ%
h
(A): § g (t)dt M‘o*};“q}
o] ’<\
inplies <O
R— K}\"\ 1
!S % y - f{x)] = O(E;a)
{\
0\\«

(B): \iﬁ"thtH ¢ Hy(t) where H,(t) satisfles the

main asau rtions, then:

\,
Q g g g, (t)1dt = o(n'*d)

inplies

K 1
I8 {(x) - f{x)}] = D{“—a)
R R

Proof: We first obaserve that if q > ¢ is any con-

gtant, and H(t) decresses monotonely to zero, and
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jooH(t)tq dt < oo
1

then
{(1B.1} H(t)tq+1-} ¢ az t - oo,

For,

X

X ; k
H)tQ at > B t9 et = Hioxdt 2wz,
Lo e 2RO, e <’.;\

as x —» w. To prove the theoram, conalricy & ()

o ()R (R )ar = =1 R
% Sx( ) (Bt )do = So + Su =1, 4 J,g\ 4

Regarding I, we have:

® \
§ lf(x+t}1RQ“HQ¢\@dt
1 ‘:}’./

o

TA00
CRPTHRATY  ir(xet) 1t
-~ "

6\\4@1% H{Ru)
uq+‘|
Ke'
g:;w} = o(1},
&
as R‘/\\‘%ﬁ:. Furthermore,
AN . «
<> gu [£G) TR H(Rt )ot

[a:8]
CIEEN S B HiRt)at
v

Y H(Re )

¢ Lt
RS R
I8
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S o
- li%ﬂ § 9 E(t)at
! uR

il

o1},

for fixed u, as R 2 w, zince the lazt Integru. canverges

absolutely. Hence

o\
I2 = o{1]}). <§
O
Wext, pul NS ©
1 L.
Gt) = § g (v N
SO e J '(;\\ ®

ani then,

//.
/(§

—
I

§ R¥Y H(RG )aG(t )/2}
\’\
RQHH(RLJEQ )

CrS

tl\,“
wherse

- i{@” (£ )JH(LR)
Due Lo tr?iﬁbrmtﬁnelt of H{t), we may walorize G{(t)
under ths 1ﬁf§}f&l 3ign thus obtaining

11
\<\ I, = o(f ®IT £ s H(tR))
’ ]

N\
<:§u}
u [
= ofRT " H(uR) + o(f BRI 9H(tR)AL)
8]

ard 1t fellows from all our assumptions on H(t} that

11 = o{1]).
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3k I.FOURIER TRANSFORMS IN L1

Examples: Since H(t}tQ+1 muat bs "small &t o ", the
epproximation ig not optimal elther for
foch < 1

K( } {1 _10(1:
w =
{ 0 s rD(i }1 *
i hich
in which case \(\\
sintz2 /\\O
H(t) = (925, O
~\
>
<

or for Kie) = e~loh 1) whien case

B(t) = ——;
1+t ~Y“§C“
but it 1s a very good cne for\ﬁz:&')'= e X ,» 8lnce
»::;"
Ht) = @8
N

\Q%:? since H(t) = ¢ 1/,

and also for Kle) =
N\

{\&/
N
§t3. _Abel's theorem

RS

tet O
0
\:‘~} ! ~ixer i
OV T e T ) + e (0] = ale)
\ |
¥
A(y) = jo a(x )dox

<>0

then for giveﬁ X,
oo

K oo
8 = = @x
g ) 50 aloc K (%)do go K(F)a A (x) .
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TEEOREM 15. Assumptions: (1) Let Ki{«) be contimious

and differentisble in 0 (o 0, {(2) K(o) = 1, {3) K(3)
@
> 0asy 2 oo, and (4) [ [K'(x)dx< oo,
o
Conclusion: if AO(F) < ¢ asy = o then
K an o
SR(X) = { K{g)d A lex) N\
)
,«\.
exlsts for every R, and <&
O
S (x) >¢, as R > @, A\ 3
R (O
_for every x. RS

HRemarlk: In stating assumption {U) weﬁﬁhve presupposed
K(e) to be differentlable (or rathe;?am indefinite inte-

gral). However, 1T would suff;&e to agaume

G "

5 .3@1{(&)! oo

without any assumptiq@;bf differentiability, but the proofl

would become slightly more cumbersome.
L

Proof': .i@

ol K{ 1a A o)

Ny

W\

RN ¥

”\)'\* = K(y/RA_(v) - § g KUFA e
O °
For fixed R, K(%) has the same properties as K{x), and it

can ke saslly verified from ocur assumptlions that the right

vide tends to & 1imit as ¥y — o, and that

Cr - L RU®A ()
§ ORI AR < f R KA (o
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After replacing Aotyj by AD(}T

FOURIER TRANSFORMS TN L‘I

(ONE VARIABIE)

)= ¢ we may asaume that ¢ Q.

Choosging B gufficiently large and keeping 1t fixed, we coh-

tain:
ac CD‘|
IS R(EMA ()] = 1§ 5 EH(EA (e)dex |
o] o]
B e N
=10 +{
s} B .':\’
..§\
B 1 W
= [0(1 )go EIKN(E) e + o(1 }S,‘%K'{ﬁ)!ﬁm]
\\\\/
= [omg IK (cx)[doc +\Qg )5 1K (oc ) [l ]
\"
= O(1J: & "
as R = co. R\
THEOREM 20. Asg uxrptm;g;ifw) 121, Kle) 25 twice
differsntisble in o ¢ K(sm () K{o) = 1, (3) K(y)

7550 as ¥ > (b))
0(37155

(6) A ty) = () —j
C_onc 1ug :L‘o}v
9.\ &
RS, @
O § KR

exmt?s}’or every R and tend

<> » Proof

SOK(%)dAO (oc )

s

]

i)

~ K(3/R)A, (y)-

&%—}0 aw ¥oa,|(

K(y/RIA () | Ik
o

jas]
(5)§ eclE () dex < 00,
A (I'X)C]oc

0
ey + oly}.

A lec)

t

C as

R—= w.

E(y/R)A (Y)-S [K"R)] ﬂ (o Joc

(Ci

$)'a A )

¥ "
KRR D § 15 KEGD1A, (oo



§1%. Abel and Gauss gummability 2T

How, due to our assumptions, 1T y-Poo, the right side

exiszta, ard in fact

ol 00 1
SO K(%Jd Ao(rx) = go EE_ K"(%JA1 (Of}d(x .

in replacirg Ao(m) by Ao(od— ¢ we may agaln assume ¢ =, Qg\

and our conclusion Followa from '\
’\\..o"
oo, B fael {:}
§ Z K 1A etd < § + 0 W\
o R o B 3
) <v
B Y
=0} § & fK"(%Jidrx + of @\ LK"{“'Kjl'doc .
o R° :‘/\ B R
\“3\

s/

14, Apel and Q&ﬁfaa surrnabliity

3 m{i&q alo le O(/Rux ;

JFO™
b\
\ (o8] _KE/R‘E
WVT 5 ale e
\\v} R 0

dox;

\V
let tz}
et
<\\
\m‘; X = 1/R.

& N
@Heorem “1. Assumptions: (1) alx) lg L1 ~Integrable

in every firdite intervel ¢ {« ¢ R, and

oz
K X

[8:8]
T(x) = S ale e dex

)
exlats for every x > 0, (2) T{x) s bounded, [T(X).f <M,

o
0<{x{m (3)2m Tx) =c, (&) § lal)e™de { o for
X240 o
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0 X
0 {x < m, so that 3(x) = 5 alx)e " "dec exiats for

0{x<{ .

Concluslon:

Remark:

o)

lim 8(x) = ec.

X—>+0

. o X\
Agsumptions (1) and (L) are certainly satisfied

£
if al{y) = O(yk} for gome k& > 0. ,,\\“'
£

Proof: We have: &‘\\:‘\ ‘
p 2

® > o e‘rle_scocosocx {

2
o] 143X~ N
B
® (1280
L= (e (T 4,
T4x" o ~A Vv
NS

s NS o
e =z o e cosxx e

L ¥4

|

2
XV a4y dx

y(u} > 0.

Setting & = 0, we obtain

1= SO v {u)du
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How,
8{x) = SCDa{rxJe"“X dex

o
w o 25202

={ § albiy{ue™ dec du
o o
oo A

= S T(x u)y(uldu, A .
o O\

AN
: O
by assumption (4) and v > 0 and Fubini's theo{’ém’. Now

o\
IT(x} (M and hence by dominated convergériee it is easy

7

to gee that 1lm 2(x) = ¢. \
X$+O "\\\./

More generally, we have the fgllowing

> N4
THEOREM 22. Agssumptions: (L) Let K(x), a{e) be de-
fined for 0 { & € @; K((X},.:::b:{&) are pogltive;

K{0) = a{0) = 1; there exiSts a relation

K,(qc(@\_g y{u)afec uldu, vy(u) 2 0,
S\

{2} ale) i_g_,L:’w‘integ_rable in every finite interval

P4,
9y g%zé
i“; ®
\\ T(x) = § alec) ala x)dex
e o)
w\‘»

ezt\/k}sfs for every x, 0 { x { o, {3) ITx}) (M, 0{x< @,

oo
(3) 1im T(x) = ¢, (5) § le(e)! [Kix x)ldx < o,
X—2+0 O

0 ( x { oo so that

LI LS

[a.0]
8(x) = 5 a{o K{e x )
O

exists for esvery x.
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Conclusions:

lim 8(x) =
X—>+O

§15. Boundary values
let f'(x) € Ly, TIP] = dloc), and let .(\

. 1 PR /
Hx,5) = 5§ bl dec (\\;\
oo S S "9:“;
(15%) == flz) d=me PO 4
VT 2 ¥ \Y ’
QY
\\
the function f(x,y) arising from i‘R{,x@ of theorem 15 on
setting '—, =T . *\’:X;\
R® O
N ¢

Properties or flx,v}: ‘:‘

(15.1) For every y > O f‘{‘x,YJ € L, 28 a function ir x

(Lemma 2), \
(15.2) 1im f(x, yi\%\r’x} In L, -norm (th.1k)
¥->+0

(15.3) TFor e;giagv ¥ oo, _}_c s i———f- sxlist and belong to L -
dx

7 \sl

For ing

0] \ias} tance,

B vE S 5 z)f - Lx=

<N;’ f 2y
for fixed v 7 0 this ig

@
S flahiz-z)ds

where h(x) € L, amd hence Stﬁ' L, by thecrem 25 gimiiarly

for 2lucceasive derivatives
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5
ox¥

of any Integral order r.

(t%.%) For every y > 0, there existz a function b§ € L
such that
QO i Fa4h)-f(x,y) _ &f
tim : 2 - av | dx = 0. X ’\
h—0 “ao h E

.\\

We mean that the lLteral rartial derivative of f{ﬁ»g) with

'\“
regpzet to ¥ 18 the limit iﬁ.norm of the diffeﬁpnCe -
\/
gquoctient. FPor, \;:\
0
@ .(A“_Q\
A § f(?Jy_!le e AV ap
EaR WS R
NS,
(' sV
= V,_ S f{x+2) dgtgl 'z)dz,
‘:{“
whare
-1/2 g2 ey

dS(yg\Q\% y %o .

Henece
@,,i Clx,y+h)-T(x,v) _ bf‘ | ax
h
O\V
bl{y+h,z)-d({v.z) _ ob
§ ox S [f{x+z)] . | n 5y ! az

\v

\ .
</ < el ‘ECO[ ¢)(X-+1’J;]Z)‘fb(‘r',z) _ g.% [ dz

Now we know that

bl{y+h,z)-b(y.2z) _ b

1im ;i
h = o h ¥
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to show that this relation holds in L, -norm, it 1s enough

to show that, for fixed v > o0,

(y#h,z)-b(v.z) _ Do
R AR IR

™
uniformly in h. It suffices to show separately thald ,\

é &
(15.41) ! d—:;g < yiz) e L \:’\ )
and that \}\

O
(15.42) | blrshz)=d(y.z) | §\_qj\\é\z}€ L
h D 1
e\
umiformly in NV
(15.43) O(y - IhJ“§;y <¥g + Inl.
"

How (15.41) follows d/i{ecfly from

(15.]-“1-) 5—%;’\'&}1 8—22,}'&1‘.’ - 1 ZQ e—Z?/Ji:\j .

2
) yB hyj 2
\.‘,
Furthermors §
.\{,,
é(;ﬁ»h,z!—@;}[! 1
\§ ) =i 5 o) 1 {7+, 2 )at
ssi

8
@éﬁe by {y,2) = 8% » and thus (15.42} follows from the fact
that (15.41) holds uniformly in (15.43), ag can again be

verified from (1 S.aby,

bEf

15, _ &f .
( 5) For every ¥o o0, = 5y (by direct computaticn).

(15.6) CJDIf ' ©
| SOO (,3)dx (M (= Smff(x)fdx)



§15. PBourndary valuss 4z

(by Lemma 2).
THEOREM 23. For given f(x) € L,, any f(x,7) with

properties {15.1) - {15.6) must be the function given by
the formula {(15%).

Proocf: By (15.1), for any ¥ > 0, We can form the
Fourder tranaform of f{x,¥); let it be d(x,y}. We 'ng’w
that 1f £ ->f in L -norm, then ¢ (o) = o) uni;\?§=‘ni1y
VGO

b 3

g

{@ee 1,53}, Hence, by property (195.2}, d)(o(,su

//

o

(

ag y -» +0, {ob every oc .

Again, from (15.3} and theorem 3, \\i\

= 7
(15.7) T[%] = (- 10<)2'<¢:Zb<,3f);

OX e\
furthermore, ,;::::"

Y

pp Lz, '\'+h] f(x,vi”l $lo, voh)=bloc,7)
h

w\
and by property (%\&h), there exists ch%il such that
| 3
(15.8) 2O plec¥) g
N &y

'® M
Using R?&)erty (15.5}, (15.7) and (15.8), and the unigue-

ne‘ss\t}hﬂowem for tranzforms, we obtalin:
Q”
¥

Therefore

- 2o, ¥) .

I

_.27
Alx e & ¥

blos,y)

for cach o« . We know that
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blec,y) — dlex)
as y = 0; hence A(x) = d{e), =0 that
T3] = blag)e X T

However, by theorem 2 the function giver by (15%) '
£

the same Fouricr treansform aa Flx,7); thus the Lwo FUnd-
tione are egval almost everywheres, as asserted. :\\“
« \J
We will now have a similar discuszion of’,t}ge. Ahe?
AN

kernel. For the remeinder of this section,<§.}t ME)€E T,

e
TIF] = ${x) and \Y
O
w O \
1Y) = 55 | alade ol 4
0 AN
iw»
n RN
=zl Tlrz) 5T— gy
o\ ® 0 ¥ o472
Q\x\‘
No
(15%) SEE S ) —E g,
O =co ¥o+(y-z)®
V ¥o+(y-z)

Tt 1s then not.febd to verify the follow! g

> N4

Provertles g8 JF(x,r):

7 &
(191 }'le}X,F} € L, as a funetion in x.

»%\
(1\2’3?3 F(x,7) = £(x) in L morm a5 ¥ <> 10,

d S
(15.3) 3x o :5;5 exiat and belong to L1.

{15'l‘}l of anc bef’ 4 =z +
57 53'2 exist In the same manper as ir {15.L)
anc
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P

i _ ber 7
{(15.3)" for every y » 0, — == = =
bve dx2
oo oo
{159.63" S P{x,yvildx { M { = im[fixﬂdx)-

=D

TEEGREM 24. For given f(x)€ L,, any f(x,y) with

aroperiies (15.1}) - (15.6)" must be the function giw ,‘\
by formmia (15%*), 'QQ
(OQ\’ e
Proof: ILet TIf(x,¥)]) = blc<,y). From {15.9 M and
z"\‘\
theorsm %, we have, ,:”(}\ ‘
2 ¢ 4 3
2
T! éf ] = o d:(oc,y)\}\
(5};_ o \d
'\é,
Hince A\“}
Clx,y+h) - f(x,y) | x.y+h) - dlx.v
T[ h o X o h
AN
X\ N
A\
‘\"s ] I
and because of {15.4)7, dhere exls Qgt_égc_,_m and O—Q—%dl
,{\ by
)
o . e ,w )
such that N Q\%J by
i\ T
:\)&.}
Similarly gz
O~ & dle, ¥ s
\ ay° 85
A\ -
\ &y

2o that

dloc,y) = Afoc)e 4 Blec )T |

But, dflo,¥) —> d{x) as ¥ > 0; therefore Alx)+ Bla) = dlox).
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However, for all v, !d>f(o<)| N Eell=M, by (15.6)', that
is

[bloc, 7)1 <M,

or
[Bla) &Y { M+ |A(x) eV ~
-
A ¢\
<M+ A R
or % \v/
z‘n“’
IBlocy1 ¢ Ml o0
&~ v
Letting ¥ - o, we ses that Blx) = 0\ pr o > 0, and =imi-
0\¢/
larly Afx) = 0 foroc < 0. Hence \%
bloc,y) = L;Y ety

By the uniquencss theorem¥or transforms 1t follows that
£{x,y) is the stated fuhction (15%x).

Remarks: The fum@éﬁ’m (15%) and (i15%*) gre such that

0.

(15.9) ';f’ im f£(x,y) = f(x)
R T
almost\qfer}where, for each of them. However theorem =1
1mpl-1,e\°s that at every point x at which (15.9) exists for
\”Nﬁ**J it also exists for (15*), but perhaps not converse-
fy. In cther words, for g glven boundary function {x)

in LT the solution {15%) of the hest-equation

Ry b
dx? ot T :

1= more stable than the corresponding solution (15##) of

the wave-equation
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Pl [
b%u  b%u

(with t written insteed of the previous y).

§16. Mean valuss

Iet g > 0, and let &\
S R}T Szos.(m)K(%)do: , ‘ \5\‘\1\
c o @) (O k
R % R 0O
where \\,\\
Alx) = Sa(x dg;;\{'

THEQREM 25. (1) K} is,ﬁaflned and absolutely con-
tinuous In 0 (x { @, (2}’K?Y)"q‘> 0asy > w0, and

ikt 62 dx < 9@§ (3) § 1K o) o doe < @, (4) A(Y)
0 \/ o}

t
= c.y% o(yd) aPy lim la (afx)ix = ¢

f't% o
Conclu‘sion Sy exists for every R and
\»/
" 1im Bp = ¢.q { K(cx)qu T oax.
f\\:‘ R o

\"4

<> Proof: Assumption (4) implies that A(y) = 0:7%) as

¥y — @ . Hence

1 R(aAE) = —5 KG/RAG) - 3 A K (Rrae
o

ao that

& © K (x)A{xR)
gy Alx} - - A .,
Sg = So K‘(R] dex 5 a

q+*| o
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e ,
AARR) s o 9 a9 R -2 m,
g4
and
lAR)L g Pain
R4 R4
N\
where d 12 a ceonsztant. Hence, by dominated (‘orvm;rm B
¢\
(see aspumption (3)) we have ~§\
« \
Ioe) P
m 35="-c¢ { K'(xk? dx ON 3
R0 R ) &4/
\\
= S o4 Ak (e ) ‘Q\S Kl Jocd ™ dx
R
\
Example: Let Kix) e % Ei\r;d;q = 1; then we ses that
B
lim %33“a(0c)doc— c
t=2w "%
implies »,’/\\
¢ '&.}
\gim el afmle & g w o
(N\E—0 O

A/
that 1a, Eg{f} sumabllity (Fejer's) impliea Abe? summa-
¢
bility . VY
\w/
~ OREM 26, Assumptions: (1) K{c) is messurable in
NN
{f}l&)) and [KElx)ls ¢ K (¢} where E le<} satisfies condi-
_.on_“sym} = (3) of theorem 25, (2) Aly) = c¢y% oiy?),
(3) § la(x)[de = o(y4y,
o

Conclusion:

GO
Im & = ¢ K a=1
RS R q S {0¢ Jo de .

The proof w8y be constructed on the same lines se¢ ir th.

=

5.
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— 2
Examples: If Klx) = {51%) ard Ko(cx) = C,j
1+0¢

then thecrem 246 appliss, and we have the following:

t
if alx) » 0, then 1im % { alxidx = 0
o]

t—=co
implies o &N\
. 1 o2 singcxa \
lim = S alx) = dx = 0. ’\
£ \ E P "\..4
—0 o] x ,\\ o
QO
If a{x) = ¢ eim( , X % 0, then ths mean #E ?ﬁe of*
&
a{x), =zay, Mla(x)! satlsfles: N
W
1 t 3
Miale)! = 1im £ § afé‘(}}&«: 03
2w Q"“\\
PN,
:f x = 0, then Mia(x){ = c. If\‘u}
o\ *
.\‘&
1 -Ixmw t\sxﬁt
a{x) = > _ C € ,'zaneﬁex=oax1dxm+o,m>o,
m=0 3
N\
then ‘,.;/\\
¢ '\; oo
5 , T -
cO\=\b}§a(cx}§ = 1im §ak)e dtx
(@ L0 o]
{’.{\,;
»
Mors gafg?‘r’al]ys if
O .
,\“’ Ix o
,\'\‘\ Blx) ~ > c, €
a3\ .

AN
:_@’almost periodic function in the original definition

of H. Bohr, say, then the Fourler coefficient ¢ which is

computable as

- T -ixnrx
lim 5 afx)e dx
o

T=m

is also computable as
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¢ = lim
1 EA/O

the limit exiesting.

o0 -(& +1xp)
S alxle £ e
o)

§17. Tauberlan theorems

THEOREM 27. Assumptions:(1) g > 0,

[N

5 1

8 measurable, and S 1Ko} 3! dx ¢ oo, (3{

alx) D 0

‘

%

b

alx JK(%)dx exists absolutely for al
SO R —= ‘K‘RX

- - -1
= .g S Ko doe dex.
o

Conelusion: IfA 20, .64

congtants, and if

:
s,}

o{Rh= —
L))
A
V4
AN

~&(R) ~

V(Ll) lim

(ONE VARIABLE )

\\ J R—on

afp) /\(K)d:x s
5

L >
(a(R) exist.g_;\)_’g gbsolutely), then

AV
} lim ofR)
»{ E—=ow

O

l_
A4

S o6l

Proof: For Pixed a

[oe]
=c.qa | Aledx? ' ax.
o3

g a0 K( % Yo

Q
q

%‘ S a(cx)K(oc RJdcx

w
a9 § Koox? Tae
o

(¥l
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_ w0 -1
=c¢.q4 [ Kloeaks™ de .
o

Remark: The clssg of =2uch "polymomials" in EK{x} as

i
o e Kxa),

n=1
individual members of the latter class will be deroted by

"

> 0, will be denoted by [Ale)}, and

/\1,/'\2 c.esate. \\’
TEEQREM 28. If Alex) has the followlng pronerh&e’a'

givene > 0, there exist A (x), A (oc) Q@M__QE. to

namely,
¢ - hat
in{x)! such that \:\
Al < a ) <A(o<)\
\J
in O ., and ?}
in oo, and \

q 5 [/\(b( X '(Dc)]oc-1 de < &

1im ) =c.q q-1
R->00, {@ So Meococ™  dox

P '\,
where g{R) is def“l.n\\ﬂ as:

¢ N
» K\ ¢ 1

P ®
\w‘ g(R) = = S afoc)a(y)dx ,
\{\'V
the la-,té\B integral exlsting sbsolutely.

\ ‘
N\Proof: 8ince afe) 1s non-negative,

”N\
N/ 1
o (R) € o(R) { oF(R)
where
2(R) = - SDO al) A% )dx .
RCl o)

Hence
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CD - —_—
c.q 5 /\1(oc)o<q 1doc = 1im 61{}{) { lim of(R} ¢ T7¢ TR
o]

2 o [Shal|
¢ 1m o™ (R} = c.q § A, (o) A
O

Now o and o° tend to finite limits as R=>om on acosunt

of theorem 27, and

. L2 4 a-1 . N
¢ q So Ao du

Oy
[es) a-1 oo, i
meal § sl de s § 0 AT - a0 Je de
o o <”§
® q-1 A
Cca § aledo ' dex4g . \{;"
o} X 7
N\
Similarly, ,*;\'
o . N oo
c g j /\] (cx)o(q ! dox %‘(&}q S a(oc)o(q-1 dx -3¢
O % » o]
™
Hence o8

*w

a3

—E+qu a(ocﬁa(q

'\ .
§1_11T10‘&\&<§\ G(RJQCQS L\cx)cx D dx o+t
AN\

Therefore N/
N\ oo
et o(R) =~ ¢ q § a(x?! dn
\ m ¢

{
<§~./
Remark. The eet of funetions {aloc) 1 obtained from Kilx) by

@e/abme Process may be called the Karamata extension of
Laldmala exXtension
(o} and we will denote it by EIK(

Lewms 3: et Kloe) = 7%

)l

Buppose fee) is sueh that
to each ¢ > 0 there Corresponds & A (o() such that

(o) - Al <ee™ | men, pe E.fK(rx)%-



o
‘N

§177. Tauberian theorems

Procof: By hyonothesia, /\E(O(J 1s of the form

m
ZL; ¢, K(cA ) where A_ > 0 and K(x) = ¢ % .
If we chooze
Ald = A ) - g e
ard
; _ &N\
Alx) = A lx) + e e X O
then wo have AN
1 2 D
A o) C Floey < A {oe)d AN
A\ 3
E-Agls] "()
OF o 1, g- P -
af (AT A" d0<=&-2’6£\\§'e dox = of{1)
o \\, o

&2 £ -» 0. Hewmce, by theorem 2&(\"

loc) € Ejggiﬁcﬁ E
~x
%

Berarks: If K{x) = e_“ ~t,h’en every function f{x} which i=s

continuous in o (o {,\&) an? vanlshes outside a finite in-

Lerval belongs to‘ﬁ'@fﬁe . For, let gle) = Flx).€ ; then

glec) iz & conb i‘ﬂ v function of « In 0 {(x ¢ w. Wri-
AN\
ting x lor ,E}{Q? we obtain the funclion g(log ;? ) which is

& 4

{
contj_nu;\:ksslin o {x<1t. By Welerstrassg' thecrem 1t can

ko ggﬁg}oximated to by polynomials, so that

\\W
Q/) 1 i m
lgl 2o £ ) -2 eux I <8, olx
m=1
Reverting tox ,
id -
lglx) -2 c e 1< ¢
=1

or,
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I —
f(CKJ B Z___ cm e—{m+1 o | < o ox
m=1

hence from lemma 3 ocur statement follows. We have bhug
obtained & sufficlent conditlion for f(x) € Ele ™ i. we
shall now give necessary and sufficlent conditlons for
fx) € Bie * {. For simplicity, we suppose g = 194>
THEQREM 29. In order that floc) € Efe & | ;3}_ re-
cessary and sufficlent that (1) floc) be Riemahﬁ intoprable

A K
in every fipite intervel 0 { x { A, and (2) [i‘(o\)l( ce O

for some Ay > 0 in the entire Interddd)o oo ¢ oo

Proof: EiK(ec)l was cefined tm\be the c¢lass of all
functions f(e¢) which satlsfy the&:alr of conditions:

.

{(17.1) o<) f«f'"(od < /\2(0<)
and ) w‘
{(17.2) \ia\(/\-x\)doc<&
‘\\w A
where AZ, A € In{x)} and  Afe Zc s k>0
.,\) .

(Notics"ishat every A, > 0 and not merely > 0). The con-
ditihnﬁ' (17.1) and (17.2) fmply that for a fixed A, the
,,fuhctlon ) 19 Riemsnn integrable in o0 < { A, ard

\i\ uinﬁ

10T <1 ATl + 1 A2
1V Tollows that

~Ae
Iflx)l <ce © Ay D e

and the necessity-part of the theorem follews.
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To prove that the conditions are sufficient, we ob-

gerve:
sl A
2
(17.3) [f{e) & | (ece e =0, 83 X—> .
_ A vl
Setting e ¢ - x and e Je 2 B(x¥x =g({x) we observe
that g{x) 1= bounded and Rismann integrable in the c@’éﬂed
interval ¢ < x ¢ 1 (the polnt x =1 is included l%;;}u

of (17.%)). Hence 1t 13 posaible to determina %o’lynomials
o(x) and P(x) such that ) ?;

P(x),
p{x) € g{x} < (x)\'

O
4,
end “}\
g IP(x) - p&x)de e
) “\f?{“
That 1= _ Aooc N\ E_ ~ _i
ole AN e 2 R(e
and ﬂ\;
Al
S ire 2y -pe Fale® dxle.
t'\i‘"'o
¢ &
Hence{\\\
Qif A< P < A
-
§ (AT A)dx<e
o
if only we choose _ :\ro_ __Aﬁ_
ANw) =ple 2 )e?

and
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_N A
M) = Ple * )e
A

-

. 2 .
The factor e grguresz that the congstant term of tho

_AX
polynomial p ls mitiplied by e~ © where A_ > 0; Lhis ie

necessary for A loc).

N\
Repazrl: Let
O\
o, fort1 (e <{a , 2NN\ ¥
e Cw ¢ \"
T, forode {1 . AN
3\\ ¢
- R
then flix) € Efe * |, Hence, in theor‘em\\a‘{?} we can sunoll-
tute flx) for alx) ard & % for K(oc),{}.l},uk% ctialring
THEOREN 30. If alx) > 0 gudas
{, N/
c0y
S(R) = & {al)e™™/F an
"‘,sc.
exists abaolutely Q@g;ﬂlj_l}ﬁ} 0, gand 1im 3(R) = ¢, then
O LR
s\& 1im = { a{x)de = ¢
,\‘ E=wm Yo

|

swmarks: ﬁj:i;f’ﬁeorem 30 states that a ron-negative fuano-
tion whiod is - i ; iz i
o) M‘l,csgf' i Abel-summsble iz Fe er-summsble. Thisz is

. £ N\ - ;o ) - =
the’e’:&:ﬁlu Lones: converse of an easier resuit {(theoren 25).

{oth 2 -M, M ) 0, for we have then only to consicder ths

{2) Instead of a(x) > 0 we WAy supnose
function alex) I whit i
+ Wwnich is non-negative. It fol.ows “hat
For & function boundsd on one gide, Abel and Yeiocr s
e

mations are equivalent.



CHAPTER II
N
FOURIELR TRANSFORMS IN L1 { SEVERAL VARIABIES) ‘\\,

{ W

e

§1. PRiemann Iebespgue lemms; Composition; Cosm?o’lutlon

' 4 ‘5‘
Let f{Xl, . :] be af ClB. 83 L oVer :E;K xb tha spacse
defined by ~oo { x_  {w, r=1,... \M d>(o< ’“kj’

Then {x, ..., ) Ls callqc}t”t:f]e Fourler transform of
T2, ,...,%. ). We somet‘lme% denote the function and 1ts
1 Ed .'\\
transform by £{x) a{&}d)(o(] respectively.
THEOREM 31 ﬁ; {x,,.. .,xk) € L, InE , then d)(o<1 PR
ockj exlats, af;wﬁ’ls_ bounded for all o's and
% ., _
Llim . d}{o(T,...,o(k) = 0.
X, T+, 'Mk =0

O
<>“'Pr'oof: By hypothesis,

S 1eGaav, (M,

By

whers dTJk derntes the k-dimensional volume-element.

And, 1 e« X
lba) ! < jEk[f(xnre T v, (M.
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Therefore d{x) exlsts and is bounded Tor all o's.

We shall prove the limit-theorem as before, for an
sverywhere dense subset of the class of L1 -functicns - -
namely for step-functlions. let g{x} =1 in the k-diwen-

gional box a; < Xy £ bi and g(x) = 0 outzide the hox. “\Let
Oy

1> o x NS

I I‘dv \ \..;

N

li’(cx) = Tg. Then

g (x) = § glx)e
b, dogx btk x
"531‘3‘ 11dx...S'kf:«\e K7k gy

: k

o\
Because of the Rlemamn-Iebesgue Ieﬁna for cne variablc
each of the factors is bounded aﬁd tends to zero as
Zcx 2300 85 a matter of fﬁact, if «,>oo for a single r,
then y (s) -30; the conve‘rgence 1z uniform in the x'
hence ¥ {ec} =0 for~:box—funct10ns, hence also for steg-
functions, The E%cenalon to all L -funetlons follows as
in Chapter I* fdince every function in L 1{E) 1s an L. -1imit
of step~fﬁnctions of the kind just introduced.

e 2. I Tf = b and Tg =y where f,g € L,.then

P XEKf(x}u,mavX = In 806y

The proof is similar tc the one-variable casze.
THEOREM 3. If f,g¢ L, then their (resultant,or)

comvolutlon h(x) which iz defined as

SEKf(X—y)g(y)de
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exists for almost all x, belongs to L1, and

Tih(x)] = blo) yplex)

Here agaln the proof Is similar to the crne-dimensicns
case; Fubini's theorem in k-variables has to be used.

N

§2. Uniqueness thecrem \ﬁ\

In the case of one variable, we proved tkgé}’&} two

7 %3
- %
L, -functions having the same Fourler transfj\%rm’are equal
\ 4
almost everywhere; we shall now give a\\'g‘ﬁnilar proof for
geveral variasbles. Before so doing,,\\%e have to maeke one
¢’{'

cheervation. N\

If‘ 2 N

3

and each fr(x )] belon%s to LT in (-c0,00 } then

r
)
¢ '&./
L) = TT bl
RS g
where ;’“;\'}
Vo \ud oo ioc ¥
PG . _ rr
\x} b)) = Emfr(xr)e dx,, .
O
A

<;;"} THEOREM 34. If f(x ,...,5) € Ly and dlo, ... .0 )= 0
en f{x}) =—0 almost everywhere.

Proof: let gt

o . b {x) be the one-varlable function

defined as follows:
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; Ts a . < x < b".
i J
[ o, X>bL.j+‘L-;}‘(<5«:"E
T (x) = | -
Fajb, { b3+t bt
e by Cx (o
f}(+a-+&)a:_&<x§a
£ v '
o N
£ (\J
Tleg o, (0] = Flas) -
J7d « \J
O
Az we have observed in Chapter I, §5, ,:€>
N
€ - or- L.
v ) = 0, af§§] > o
J <A
ard 4 O
ard is bounded in EI, and so {:)v
¢ &
(2.1} "T’(OQJ}C \I—&;‘xtn -o <0(j<@5
~3§&
hence mé\
& o0 “lecx
(E‘EJ \K%&_-,b.(xjj = ?‘111’— S L{)E{O(:)e > JI']O(J,
{} 4771 es] -
N
Now defj,néJ
»\(l
il I
2 £ _ Tt
('L‘;él\ gI(XE""’XkJ = :E_‘iga”bj(xjj,
t"\\:‘ <) ]

. \where T is the previously
vanishes outgide a larger

T and g .

£
Yyl ,...

theoren,

(2.5

intreduced box, and thus g&
box whoge positlon is definsd by

Let the Fourier transform of gEI(x1 yeeea¥y ) be

&, ). By the observation just preceding this

3 -
wl(w‘|’-."°(k.)= Trl (.P(“{} -
J= v



§3. (Gauss summability formula &t

substitubting (2.2) in (2.3) and then using (2.4), we ob-
taln

{2-5) g \X} = -(_5;}-": 5E1 w%(o‘fJeq L'

£ L. .
where \1"1(0"‘ pelongs to L, In E,_( on account of (2.1). Now,
owlng to the absclute convergence of the integral in (2.5)

wo doduce that

5 T’(V)g (x-y }Vy = S dn(ocki; (o} Za‘:%x'\f.'ﬁ\\’

~t * =
A
Sincs by aszumption, dix) = 0, we have: &’}
N
SE f‘ngt(wadVy 0\\
% I IAY
'\{/
N\
If we fix ai,b_] and let & = 0 it &g¥lows that
o N N/
f’ - »
§ (g)d}{zga 0
N\
for ocvery box I; but +hi§§imnlleq fix) = 0 almost svery-
where, ¢ '&}
§z .i{}auqs summability formula
\\./
Let (&J —EE(X1E+ +XkL}
\'\ p'(x X)) = e
“‘:X\ ¥ 'EEXPE
,,i\‘ = _;—r [
</\,/ I=1

anac
TLE(Z, s e es B )] = B0, e e Xy ).

We have seer that

blocys e, T" L1

Te=1
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wheirc
2_2
o —ETX i x
= r ™ r
dlx,) = Scoe . e dx,,
z
— _1_ 1/2 -DCP /J'H‘:
g T
by (7.10)Chapter I. Hence {\
kfz -(x q+ +0X, 2‘,’4;,3\}\~
= I 1 i £
$xs X ) = e ;.,I\\
3 « \J
Setting ;—: R’ we have ,,‘;\“““;
-5 xB/R? el p
(3.1) Tie i/ 1 = g&k/2 ‘*}i\ ; 37/
N
Deflne M":}
(3.2) s (x) -lZorjx:-, 2" /R
k SEkd)((XTV" . ,ock) e d-\{x

By the composition the&rém (Th.32)and (3. 1), we have:

(3.3) SR(x)z,%__k RS o -R° Z;,-—J.—J/u
)

X
g\\(Ew B, +¥le
:\)
Also) At\ﬂ:}\s.l
,O
(BM}\E‘;E’ - flx)e { RSy .2/
LR m Ek {x+y)- £(x)e J av,,
A\
@Qn{:e
kf2k RS v.8 o 2
'!L'____S e y.] k/ERk o B -R°t /l{-
. - k-1
(2_‘7)1( EK dvy (ew)k R £ wk_1e dt
whare
Weey = Eﬂl{‘_'/g

Tik/2)
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19 the k-1 dimensloral volume element of the unlt-sphere:

y12+ - 4 Vk2= 1 and so
/oK “R(S 7.2/ i @0 -R2t2
M—‘ SE o d 3V = —k"—‘R—— tk_1e
(o) i Y 2 /ey o
SCD k-1_-x° <\
CTEVI )
N\
_ ,«\\}",
P p 3
Next, defins ,*{}
| \{;\\
(3.5) f(c)———uS (x+tyd\\
wey Yo N
\(“;\
where o i3 the unit-zphere v, +\}+ y =1, dd 1s its

{k-1) dimensional volume eleméﬁ"t, ard w,_,Is its (k-1)
\“
dirensioral volume. Furtbkﬁnore, get

dt

(5.6) gX(t{®¥ o [T, () = £(x)).
Then, since (5 *+ can be written as -
\\w
6, Rk‘”k © k-1 _-REt%/4
89(x)- &x) T 5 e dt § [f(xsty)-£(x)ldoy
o] o
.&sz
’ G k o 3.2
(z.7) 8 (X}-f(x)=—-:§i eRt/lL g, (t)dt
R 2 rk/2) "o
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§4. Qsuss sumrabiiity theorem

THEGREM 35. If T2y )€ L in B and 2.Ar) ig

defined az in (5. 6), and if H(t), o (t<a@ iz Such That

t H(t) decreases monotonely to rzero, thus algo ifmpizirg
Hit) § o ard H(t) = 0(—1{—;‘5—) &3t - w, then for a Ulxed x,
t N
the condition .
t e \'
L
G .(t) = SO Z2.A¥)dy = (%) ag ¢ x.b)
(”*
Implies £
K (® N
B8 s 0B < 011,088 R > o
° O
AN
THEQREM 35, Ir f‘(;sc:1 seeesXy) gva't;l}sfies the asgumniiors

of theorem 35 ang H is such the_at there exists an H_ with
the proverty IH(t)) € H, @ H Dow zatisfies the se-
sunptions on H in thoorem 7;«‘;, then the cordition

‘(&(F%((t)m = o(tk) as t S o
implies .‘;\"',“'
OV 5 Ex(VH(RL)AE = 0(1) a5 g > .
\‘

N

Th’e\pl’oofb of theorems 35 and 36 are Very =imilar to
tl—\ ~'of‘ theorems 6 ang 7.

Actually the corditions imposed on H{t} are at Dresent
acmewhat more gpeclal than thoge imposed previcusly, and
this acccunts for 4 certain amount of eimplification in
the wording of the prezent theorems, ir not their proofs,

Using these theorems and the formila (2.7) we deduce



4. Gauss summbility theorem £5
that
O
5 (%) — f'{x) as B > oo
R
wherncvar
§oppltiar = o) as t = 0,
s
7

Mow if f{x) & L1 this latter conditicn 1s =satisficd a]rﬁoét

gverywhere; it iz equivalent with stating that “:'\\";'
O
(b1 flx,) = Lim V(S o §g rxiav, A0
E> o € . <(/
whare S; iz a sphers cof radius ¢ wiuh\@ter at x_, and
£ Y,

V{3 ) "2 ihe volume of SE . The 1'al\ﬁ ¥ of {k.1)} for al-
most, all x. In B is ther part ’in the Iebesgue-Vitsli
wheorem.  Heneo we have \‘

THEOREM 7. The q(m“re& “transform of a Iebesgue in-

Legrgblic function wﬁ'ws ~summatle almost everywhers.
"\
More exnlicitly: §\~'\ 4
L)
N/ 2ol
‘/ -1y HF _Z'xj /R
iim LICHP L < a : av_ = f{x)

E=eo (2 w@gﬁk
N

almog L \e‘” where .,

Qi'“
§5.A

nhication of surmability thoorerx; dnversgion forinils:

F_LH‘L[:OREN Z___,-S . ;f_ f{.}{!,...,xk}(i L1 ﬂ‘b(oﬁ!:---,txkj € ]—-1;

_Zof X .

' ,X'-_ ) 1 1 S'_‘ (b(Cf L }‘: :k }P ( ¥ [QTT
£ H 1
27 L4

almoat everywherc.
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Proof': S2ince
fEkffb[oc}Jde < oo
1t follows that

—isz.x_.
J N
jEkfrb(cx)e 1y < oo

£
.\“\

/

8nd by similarity with the ope “dimensional cage: %Th 8) we
A\

deduce this theorem from theorem =7.

THEQOREM 79, lf_ffx1:-- IBeR )€ LT @Ql\f‘(x il { M and

d)(O(T,...,D(k} > 0, then x,\\\,
¢*
Y e
‘v -1 o .
FRysem ) o L § Sy v e, o 0 ay
i I’ (onr J El{ ' o

almosgt gverywhere , N\

Proof: As in tl{g\orem s we first deduce from the
hypothesig that &Q\w / eeo% ) € L oand &pplication of theo-
rem 38 glves the;‘result

Remarks - Tlm\e: ,t’unction

{»\,v -
\\%0(;;): : SEkrh(ch Z“]XJGV

\{tself iz contimuoue. Hence f(x) differs from g cortirnu-

ous funetion in a mill get, Ir f(x) 13 assumed not only



§¢. XNorma, Continuity, Parssvsl relations. &7

§6. _Hormg, Continulty, Parseval relations.

If f(X1...,Xk)€ L1, et

wih

poeeeshy) = w(h) = SEkff(x+h)-f(x)[de .

Then e&s in §5, Chapter I., it is possible to see thatfe
&
w(h) —> 0 as [hl < o, where Ih| = (n.%4 ... 4 hbj

{zee Th.10). The genersal case has agaln to be:ngﬁuzed to
"elementary functions" of the type WI(X) wh%sﬁkgé equal

to ' in the k-dimensionsl box denoted by (éﬁﬁ’vanishes
outslde. Using this fact, we obzerve that irf f{xle L,

and both ' and g are bounded, then/fhelr convolution exigts
for every x, iz bounded, contipug;; and of class L1' The
proof iz similar to that of, horen 11. Hencs it follows,
a2 in theorem 12 and 15,‘that If £{x) and g(x) are bounded

“then

functlons of class L1
\$

e - E:k%xj

¢ N

§ o Pty Bl Tav % Sl ) Ol e JJay
Ek“Y(Y)v\(JkSEk“‘P cx

N
%
W

at svery oolni s, of B , and in particular, we have:
A\M
) 2 1 2
NO T ieiBay, = L . 1stfay
R\ B Vo (ea)® TR &
LQé}fntegrals being finite.

\ )

§7. Radial functions

We shall now =how that if f{x) in Ek depends only on

2
the distasnce of (x) from the origin, namely, X THer X5,

A 2
then (o) also depends only on the dlstance Ve oK

we cgsll such functions £(x) radial functions. Cur object

[yul
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18 to prove thai for radial functions, the Fourier Lragps-
form in =everal variables goes over inte the "Besgsel 4paya-
form" in ons vaps iable. TIn dealing with the clase I, , by

ever, the functions ape taken only almost sverywhore r o

J-L‘._a
ard radiglif L¥ has therefore +n be defined with SO e -
cision, N

A funetion Clx,,. -+2%,.) defined in E_ prezentg LN, 8-

\\ v
dlal element of L J, 8] 2 s OF 15 zaid to ke *r al, qir
/’5.
3
gxoept for a mall set in Ek’ we have the ,_Iatmn
N/
_ o - — ~\
- S Y= FWx Sy, ., ), ) the on‘rl\ga square ool
. i | T

being talcen, where Flt) 1 defined e\.re@ﬁ.rher'e in
x&
4
o < t (e, It follows that s funct\on = ,.. X} o En
element of Lvu{Ek)’ ls radisg] if am only i° it is Invar:-
B

a0t under a1} orthogongl *r 113;0 MAtlons relative o the
crigir, “'

We claim that qucl{&aﬁwa] elements for g close? gun-

5 /e

st of I_D 1, meaﬁs{n{; that ir iF (x SR ! con-

verge in LD( )-mym towarda g functionn ™=, ,.. "Xl«:)’ thenr
‘\/ ' :

g STmit -

the limit UJJ,:\L.‘I on, by 2lterstion on g hlﬂl—f“vﬁt in Ek’ may

ba afsqvms\* ¥ ve 8gain of the form mp(y/ x. %Y.

K’

Hol’kulg‘\j th \Jauc,n:;hsequen,es, the Lp—con‘-,rer-gence of

¢ I
ﬂ?f{ ,,x1 +...+ .70 smounts to

o]
(7.1) Lim K7 - eyiPyy
m,n—=00 'Eo il £ Fn(‘ et = o

becange f_ﬂ(XT;-- X, } beloxn nEs to L]_ in E 1T and only 2#

6T T (t)e Lp i 0 ¢ t < oo Owing ta the raet that



§7. Radial functions £G

D oo D
[f (x e X av_ = ETRIE
5 1/_ s 1 EC)| ‘\,F Nk_'_- IO 'Pn{b)[ L ut .
k=1

Now, Trom (7.1) it Followa that [t P Fn{tJ} iz a Cauchy-

ssguenes In Ln {0,00), which has therefors a limi® in

, =" /p

]_p{o,m 1, wh_-ch we choose to writoc as t F{t) and thc
_ N\

finetion F(1) thus cbtained has the desired T"I‘O“)FT"L‘.‘C

Sonction. N §~

THECREM 50. If £(x.,... yE) € L dn “E{&\(do srdg orly
"4

= 3
" that L=, I(} .@; = z{R), tkon
Lhe furrecticn #*

) \

dJ(OC.!,--.,O(‘ ) = Sg‘f‘(}X

—_ T e 2 :
depsndz only or o = o, AR 0 We can then exzresa

\
b as N

-/
1

T [ ;
)nl m+1 Ea;m+1 o~ S g{PJR JO{SQ R)CR

F 4
4
2
¥
E)
—
|
——

«jl__.

[b([x} _ {_, J[f.' _rr[ﬁ |2Pm+‘| S P'(R)(.,O""(b R)d?;
as™ o

where J}lix} denoteg ths Bessel functiorn, of the Tiret ki
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of order n.
We give two proofs of this theorem.
First Proof: For given { “j) we subject the Intzgral

¢&x1,...,xk) to an orthogonal transformation

= Eq:brs x ;“\
with determlmant +1, apd {CX
NS
s . - . 2
Byy t by, Phpe = xy iy A F¥

We then have ¢

'\\4

2 2 A<Q %
xS =Yy", Saxs Z\fx -7,

Hence,

{7-2) (b(o(-l:"‘;xk) = SEL{-

80 that ¢(x1,...,xkj depends‘only on X% .
Next suppoge that,& 2 2. Then,

7 -_.__..

dix) = S‘S@\' dsw SEk gy, %... ykg}dvy

he (k~1)—dimensional volume -element .

\ o -hxy oo
.Rﬁik) = Wk_gf € dYTj &1 312 2%)zK 24,
I“\,l o

}
%his integral may pe consldered over the half-plane z > o

in the (y,z) plane., Using polar coordimates, Y= r cos ©

8nd z = r ain g, we observe that & rung from o0 to w , while

T runs from o to o . Hence,
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o k=1
o) = w,_, § &(2)r" K(xr)ar,
&)

wheres
-3 cog 8
K(s) SO e (sin 81572 ge
Jl{- {s) ¥-2 . {\
_ .z k-1 14, €
= —5 5 r&rge , ~”>}
2 »’\\,
=] "‘}
W
from which our result follows. “\"
>

It holds alsg for k = 1, because

5 O
Since 2 \”§
R
J_{x} o ;\g‘ JD_1(X}
P \t\:“xx dx p-t
i
z

we have, on setting ,z'.\\= s . R,

&§>j

0 il {s"R)
xR, m sm _ s
____;‘gw( 3 c}._ (,P,_E_____
50 F (Vs)Pm

x ”\’

{:\V
from vxq(i% we get results (a) and (b) of theorsm ko by

1*‘@; p= 5B

Becond Proof:
(. X, +.. .mkxk)

blec, s v ) = SEKf{x1,...,xk)e v av,

2at
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anrd
D= [a_-ll| "’: o .

Penote by T the transformstion {x} = (¥). Then

d:(oc1 P ,ockj =D SEKI"(Ty}ej'{O"TdeVy

N
_ 1% . ¥
=D fg f‘(Ty)e av, <:\
\f}

%
L 3
93

where (x.Tv) denotes the inner croduct of the \ve&:to?r.fs o

ard Ty, and T 1ia the transpose of 7. \:\QV

If F{Py) = £(y), then it follows @f blor) = DT o).
If T is orthogonal, then T'= p~ ,apq‘Q‘t +1, hence
23

A\
6(b) = ¢(Tb). Thus, ir & functidd¥s radial, its trans-

" . LR Y
Torm 1s also radial. aN° ;
ENY

&S - oo

Now let f(x ERREE IR R x.7)°

rb(cx1,.. kj denote the\trar.s orn of £, Then dix,,... 0

=y%,0,...,0), whir@s"& = fD‘+...+<>< 2, hence
\

and iet
1)
k

..\sw .
N - lZoc__X.‘
? S F{ cot Xka'Je 1 1(3):1 el

N =
o) _ 12 & x
(7. 5)*.’;\ = ¥ F(t )k Tat, e TS s
A 5 - k-1

where dw, _, is the (i1 J-dimensional volume {or surface) of

the k-dimensionsl wunit- —srhere, snd o demntes the sphere:
2 2
X = to.

5 1= earlly seen that
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J_ZEX X T s k-2
(7.5)  {e Tl = c [l COS 8ot 5y Tae
[u) o]

wherae ¢ is a constant. - Set

(7.5) 2(x) = cSelr cos e(sin a) de . &\
5 N
O
Ther: it follows from (7.3%) that {:} )
\ o
Y
(7.6) (or} = Fle)t4 st s "\
Yy S \\\Q
oo "\
Cur otject mow is to evaluate S(x J,,,(Q'P' we consider the

V

Integral {(7.35) Zor corpliex \aalue{}‘o_ r, ther: 3{(r) i=s an

entire [uanction of Pxpor_entjﬁ\'f“twe

Hence 3{r) haz g 'g@er geries exrvanslion, a8y,
A0
<\\.} Sir) Z a L
»\sl e
If we n}v{;)nowc f{x,,...,%,} as the special function

‘Q‘

2 2
- (X, T4 %,
(\sx o 1 k
N4

chat F(t) = " C , we obbain

¥

)
o) =Trk/"' g ® /4 {mec {3.1)}).

Thug, as a conseguenecc of {7.6), we have Lhe relation
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2 w2
/2 e fh [ et X gt )at

- 1 ken
(7.8) =2 g TR apd ~

Oy

the interchange of integration and summetion bei Justi-

' fled by (7.7). Expanding e “2/ as a power q?ﬁle , and
comparing coefficlents, we obtain from (z\
\b"
St ) = pek/25E (o:t)gn (-1 Jn:\\“’ )
rFo ¥ r(n) (g

2ince W

23] RN en
T8 = (B S -Re

a w0 N r(n) r(paner) P ?
we obtain: ¢ &\J
b\
,O g &)
(7.9) NEot) = (em/2 2
xo\’wl k-_:'a
\/{J (o t) 2
Using\.9) in (7.6), we obtain
»\x‘:}w spk/2 oo k/z
V7 yiw = 22 § Tk 5wt )as
x& ° B

from which cur theorem follows.

Using theorem Lo and the inwersion-formuila in several

variables obtalned in theorem 38, we can state the follow-
ing
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THECREM b1. If f(t) ia contimucus in 0 ¢ t ¢ o, and

o0 k-1
(e85 at < oo, and if
o]

blo) = (2m)¥/? 5 Ce (eI, et das

2
whare Vk(x) = Jk(x);’xk , 12 such that
Vi
& k-1 \\
§oldlo)ix™ Tax < o, A
o) ¢\
:"S\ ”
then we have, for svery t, A
Y
@ _ o
£06) = —lors § el N
(2m)¥/? % ™
N\ 1
N\
Examplez, If k = 1, then J i(t'\){/_ (Et—) cos t and hence
— L
we have 59;}
o @ 5
d{ec) '—{Equﬁ So F(t). {5 ) cos tox dt
D
PN
~ o
(7.10)} ,m;<\= 2f f(tleos tedt ,
QQ'\\.; o
which iz the ort?}nary co:slne/tramfom of £{t)
7 1/8
If k = "'\')J (t) = (%J gin t, and hence we have
S ’w 2
\"4 3 1
L 2O 2 2,242 8ln tx
(T2RAN T dlea) = (2m) 5 F(e)%(5)? 8555 at
iw\”w

jos]
ber { £(t)t sin tecdt

[

o i loc)

SBetting Plx) = wd{x) and F{t) = tf(t) we get:

o
(7.12} Oix) = b § F(t) sinet dt.
o
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Irverting (7.11) we gat

o0 ) e 5
(7.75) P4) =~ [ oo’ 8Lt 40
2w Qo

=

ard hence
o o . . N\

2 o &
2, (Tt} and (7.13) will hold :p ®)

o
o
[
o
b
¥y
I

—U:. o I5§§
(T2 ] I <o, [ e soc-*oeé«r.
o

Remavic: On the other hangd, it would SGF‘I\E\]&L we oA ivie

tret (7.12) a7 (7.14) as sine- tranf:f‘\o"ﬁnc In one variabiic,

and nence thab thess spe valid J.fi('}]"].}‘

\ o

0o N\
(roi6) ettt at ¢ ® @8 [ d(e) e dx < .
o] ‘:::;, o]

I‘
Thers is, however, romf\screpaqc betweon (7.72) and (7.16),
bzcause we could ‘m et (7.12) ag g 2ing-transform
T : + F i
only 1f m(t) moe\}} r“’LJc-n ag an odd Tunetion on (~on,o0),
which ig noh ‘Kﬁe cage here, becayze our F{t) i= defined
only for, }}\‘{ L{ o,

.s‘

W, . P _
</, §8. Qenersl Aumiability fop radial furctions
BBl summak = sul anlal functiong

In §3 of this chapter, we geiablished the form:la

G
(8.1} (X)) - fix) = ! LRt /L 2
R ;E—TWS @ L (B)at

whers
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G . Sy x> . /R
5 (X} = ) Kk Sﬁr cb((x-l)---,(xk)e " *J.e J ay
k (2w) K o
and
iy oL sk sl
g (t) = t°7 I, (8)-T(x)]1,
wWhers .
P{t) = — [ P(xsty)d &
= - x4ty o,
* Wet e .\\
2\
\}
It is clear that 1n the proof of {8.1) the si@i{'icint
. o’
festure o the convergence-Tactor AN
’ 2 \WV.
-{x, %+ +® )
K(KJ = :’Q.l N
.\\"
isg ite radialiity; we use the fa,clg tYIaLJ its transform is

radial, K(x) & L In 2 g, K(O)‘\mﬂ K(x} ls cortinucus at

X = 2, and that if H{x} is»s TID Fourler transform of Kix),

~1~;\ 20
’%"T{K H(o)dV = 1.
N L e's) &

L))

Given sn 'arfj}gégi'fi@" kernel K{(x) satisfying the concitions

then

snet enuxl?rﬂc we car first of all establish ihe more

genetr: azx\for“nm 8,
i”\ ’

@“ )-f(x) =

and if now we use thecrewms 35 and 36 we can detcrmine

k/—— S R (L)H(Rt)d\.,
r(k/e

K
sufileient conditicons to ensure that SR{}:)ﬁf(x) ag R—»o0,

whers
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K . =8 o
1 S1D700X . (e . e }
8.3) 8 (x)= Sg bloc o 1al2 0 RS
( R(X (em)® T k K( R
Example. From (8.3} it follows that
K 0 B LN
(8.4) SR(XJ = fEkf(waRk H(H(Y12+---+ ¥ )dV:?

oM

elther by compesition or comvolution. How ta sé ¢

1 g
2 2.0 1, o 2 “_2}
{or, S+t aa ) Al Tel Loy
K( 1 It Y = e RY M 0® L1 i
R ™ PR
N
S\
It is known that N

W
N’
=

_ oo -y N
& * -
) =] ™ #.4 /h—y d}",

A
g0 that :"i\
¢\ 1
oo 2 2 -
“uee &; e fhx z
€ ANV S / dx
» o] -
Vo 4
NN
a\)
Hence :(}'

A av
@»/
2 z
o _2_ L 1 Db 12 o.x
- e 3 . .
= S euy.ygu'rredy S a by .8 (XJ Ja
5 B, %
S . 2 ki
o - 2? fal = OC- - é
S5 R TR E R
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w -uPy-3 e By EL K
= = W T ° udy
0
k-1, - k-1
2 (w2 & T
= 1T y d'&r
o
o« &N\
k—1 /}}\
k+1 ¢\
: ur ®origh >
(8.%) - T A
(U"e>  oc.7) 2 o ?
J O
QW
Bence, using the inversion-formula, we\\abtain
i ,x'\"
~u (e +0<'k2)‘: (k+ 3?‘\ u dav,
5.6 3] ’ = e+
(5.6 R Ek e 2 o2
k‘*‘e (4%, “H.. o +%, )
A 1 =c
tf;“
Apaln, uzirg (8.5) 111,{\‘@\ 2y a 2.4%), we have:
] Sx% —elx, Fod0, %) +1Zocx
(8.7} RS U Y e ’ W
(rr)¥ {x&t‘)«: k K Gtx
»
, t»\s./
r(E9e £{x4y)AV
= 1 = SE J L{+‘|
N\ & £ (e2y 3.2 2,72
QT < r + }.l +aa.t -‘Yk

@nula (2.6} and (&.7) are what we wanted to eatablish.
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CHAPTER TIT <\
i ‘ Oy
Lp 2PACES. (’\ o
s \
o M - == ”~ '““‘"
§1. Metric Hpaces }\\ 3

r 4
A non-void set | 1z callea 5 metric's{:’& 2 I Lo every
\

o
o
"
a0
W
4
]
fuid

4
)

pair (x,v) of its elementa, there Cor eq%mz g

2
ber d(x,v) eai led the metrie or distgxl(_-é@ funeticn, which
\( }
setiafies the following postulat\es’};V
. . . o\ ¢ . i
(i) dix,y) >0 ir x =+ g{éﬁd ¢{x,¥) = 0 if ang only
™3
N

ir x =y ™

(1) dlx,y) = (w{{
(111} a(x,z) ¢ @1\@\}) +dly,2) (triangle inequality)

- - I T . - o
A sequencs 'cii:welemgntb {xn} Pelorging to E ig ealinod

3

& Cauchy secue &!’if
——-—_g___’_\@_

N ] 3 -
N ._1moo d(xm,xnj =90

r\"®
T@Béquenoe lg 3314 to pe tonvergent if there exizts an

element x of ® 3uch that ng d(xﬁ_,xj = 0. x 13 cailed Lho
n—m B
Limit of JXDF, and we say that ix_1 Colverges to the 1imit
X3 s;,rrnbolically, ]g*'n X< EX. It isg S8AY Lo see that the
n—wm
limit is Wilaue. While EVErY comwerpent fequence ig g

Cauchy—sequenee, the converse is not Lecesaarily trus,
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Ii every Cauchy-ssguence ?xq} of E is neccezarily coni-

vergert, then E 1s calied comuieto.
It .he space E 1s such that every one cff 1ty Infinitc

seiomees has a convergent szubssequence, then B ls sald to

A compact metric space is recessarily complete. . Aw

clermont A4 iz called a point of accumulasicn of tha» &1,
L

‘ ..m

& CE, if there sxists a scquence of clements ixhj) of 8

such tnat (1) nob all x = x_, (1i) and suche ’Khat

ol c
: \o
1im x. = x_. \\\\
o e
n—}oc )

The set 5' of all accumzlation po(L;qts of § iz calied
the derived zet of 3. The union of\ and &' is called the

ciggure of & and demouved by bT;" 'H‘ S' £ &, then 8 ig called

“s.; . - A
s cloacd =el 2 iz esllied ehen if its ocowpletent (B - 3)
O
1s closed. N
A et © iz densen(or everywhere csnss) in the sgpace

ce B is separable if it contalina a

1=
-
=
A
Il
k!
) H
3]
l o
N\

conec “ITUITEIB,"I)Q “aet.
Evary ?f}ompart metric space ls separable. Evocry sub-
sc“gar'ab]c space 1s geparatle.

§e Corplelbion of & metric =pace

Refore we proceed further, It 18 desirable to prove

the result that given a metric space E, 1t can be complsted

into a space I such that B is metrically izpowerphic {or,

igomotric) with & subset G of F, with G dense In ¥; alsc,

¥ is unionely determined up to a metric laomorphisam.
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Suppose B ig a metric gpace, and ¥ = {Xni, Y = {yni
are two Cauchy-sequences from E. Conzider the sequence of
distances dnf d(xn,yn) where d is the distarce- -function in
E; this sedvence tends te & 1imit as n =2 @, because

ld e,y ) - dix_,y )
n'Yn m=m 2\

{ |§(Xn,yn} = d(Xn,ymH + fd(Xn.-YmJ - ( m:y_n)F '\“\

o 4 i

 §
N

Caly,v,) + dxpx) 2 0, 88 mn S ,.,x‘

We denote the limit by d(X,Y¥) and def’ine\the distancs
between the sequences Xamd ¥ to be a{ X,%} It is easily
geen that 4(X,1) satiafies the requ1ram6nts (11) and {1i1)

NN

of a metria. O

/
s N

In order to secure (i), wgggéfine two Cauchy-seqaer.-
cez 3 and T to he &quivalent; g’é ~ T, if 4(3,T) = 0. Thiz
relation ~ ig reflexiva*:eymmetric and transitive; and
hence it partitions‘gbﬁﬁto disjoint classes P,Q,g..... of
equivalent Cauch3 ssquences, such that twg Cauchy gequences
are equlvaleng\or not according as they fall into the same
tlass or 1fferent clesses. Tt ig also very casy to see
that d(X;Q} 1z unaltereag 1p we replace X,¥ by equivalent
ceouenbea. Hernce the metrie 18 dnvariant tnder equivalence.
If W€ now write 4(P,Q) instead or ALY, and if we intro-
duce the 2pace F of all equivalerce classes P,&,... or E,
then d{pr,q) saticsfies postulate (1) 23 well.

We shall row show that F containg g Bubset G which is

mstrically isomorphic with E, that ¢ 1s derize in P and that
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F is compiete.

If any class P contalns a convergent Cauchy sequence
iX = Exn§£ tending to the limit x, we call it a principal
cless, IF all the terms of & sequence are ldentical with
ome ancther, we call it a principal sequence. (X = Z,X,...)
A principal class will then centain a princival sequence,
ramey, thal sequence which le obtalned by repitition ofﬁ\
the 1imit of the comvergent sequence whilch the prigg?béi
clasa contalns. Conversely any class containinghgxﬁrin—
clpal secuence (x) will contain all Cauchy %ggﬁencés con-
vergeing to x and iz therefore a principad bfass. if P,GQ
are twce prilneipal classes containing réé%éctive]y the prin-
cipal seguence {X,X,x,.....) and g3i§;y,.....) it ia clear
that the distance d(F,Q) 1ls thgjéaﬁé as the distance d(x,¥)

in E. Thus the subset G congfeting of the principal

claszes of ¥ i=s isometriC’wifh B.

o\
1=t F be any elq@aﬁt of FPand X = (xn) he a member of

B. Ilet XIE(Xr,x )Y and let PY be the principal class

containing X% 1,2,... . Since X is & Cauchy sequence
oY g r
in E, we stg“d(p,P V= d4(X,X7) > 0oas r » @ . Hence P

1= theQLiﬁit {(in F) of the convergent sequence (P¥) of

prindipal classes; this proves that G is dense in F.
) 3

let (Q,,Q,.....) be any Cauchy sequence in F. From
the above paragrarh we observe that any class QT is the
limit of & convergent sequence of principal classes.

Qr = 1im P K . Hence, there exist principal classzes Py

koo
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r=1,2,3,.... auch that dF(Qr’Pr) < :; « Since
Ap{Q@.,P.)=> 0 a3 r = co, and since Q.1 1s & Caveny se-

qusrce we see that
d(PF’PS) g d(PI”QT) + d':QI-,JQS) + d{PS’QSJ '"} 0

a8 r, 8 2 @, and hence {Pri iz & Cauchy sequonce of Drin-

]

cipal claszes. However, {PI_E converpes to s limit P {Fer,

X I . . - o
derote by X'= (xr,xr, <+.+} the unique brincipal seglence

NS v
contalred In the principal clazs P... Then « W/
T . N
. [ I Ve
d(xm,xn} = (X7, X" = d(Plwlw P ) = 0 ,\\
X))
83 m,n = @, =mipce P} is a Canchy seghdlce. ot p ie

\Y;
the cla=z containing X, it follows ti évt\

/

aA(P,P,) = d(X,X’)}—é 0

82 r > . Thug ?Prfconver’{zem ‘Lo P, 8ince dplQ,., 2. 1=>0
82 r =2 wm, it Toliows ‘hat ’{Q also corwerges to r.
Hence F is complete, \"\
To prove that \t\f}é"';exten sion F 1g unigue upla a mecric
I1=zomorphism we ha;w only to note that if E ia laometric
with a dense Qﬁgqet G, of a complate metric space F, and

also iqome\t&,ic Wwith & dense subset G, of another compiete

metric %Bace F., then this esteblishes an laometry between

G W G,” howsver, for Ay complete metrie spaces F‘ F‘,_j
an iqometrg between subsets G).G, can be unlguely exteonded

to an lsometry between their clog urss G, and in cur

F

., Ghem-

selves. Thus we have the following
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THEQEEM 42. If E i

Eiven metrle gpacc {wkich i

15

Jta

not comolets}, Lhere exista a complete mcotric zpace P such

tha ¥ 1z lsometric with a dense subset G of F; ard 7 is

unigne ao-o a mebrie lsomorphlsm.

§=. Benech apaces - O\

A mon-ompoty

el of elemenls E Is called a linedh

5

e pan 24 s . o W
pacc [or vachtor space} 1f (1) it i=s an Abellan.ggﬁ)up with
l’n"
respect to an opsratlon of additicn (+), (i'i},"‘ﬂds admits

mazl g

2%
deaticon () Sy real or cormploX numb\"a}s?', thia muel-
Lislicaticn belng sz=cclalive and doubip distributive with
respeclt to 83ditlon, ard (111} 11—:\% where x € E.

nace B ie =zaid t’o::b‘e“norm:_—:-d if" there exlists

°

g reai-velucs functiorn, cal}éﬁ"the norm, defined over E

A lirear

and sgatisfying tho follewdnz requirements: *f x € E and

| z|! iz the norm of 3{”&\“}}‘911

\'\\./
(1) I xil > ogNand || x|l = o 1if and only if x = O.
&

{z) I x &N <N xll o« vl

E"\".

Nod

RAN . .
(z)  Wexlt = laf.l x|, for every nurber a.
i"\’.’;

gi\;,.;”e now defirne the distance betwcen two siements x,y7 of

Eoas 4(x,y) = ll.x - 7| then ¢(x,y) satlsfies 21l the re-
quirerente of a melric and the normed linear space E be-
comes o motric space; therefore E ls cemplste (accorcing
Lo <he fefinltion of a complete metric space In §1 of this

Chr.} If whenever the sequence x| of E satisfles the
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condition

lim ” X - X ” =0 ,
m, n—co 0 I

there exists an element x of E auch that

lim Yz - Xm” =0 ,
n->oo a

N ¢
. . (O
A complete normed linear space 1= called a’,\Ba‘nag:_Q
« \J
8 Ce. -
N

THEOREM k3. Given & normed linear s L' N, there

exists n smallest {upto isomorphizm) corﬁnietion Lo a Ba-

o s AN
nach space B; if viewed as & metric(Agace only, the space

#
<

B 1s the oreviously constructed .(’ih.hej metric completion

of N. 1In other words, if a gé};r:ic space N derdives lis
metric from a norm, then“t’l;'é‘ metric completion of N is
&lso 1ts Banach O le'ti‘c'::fl.
o "\
Proof. 1In Fhﬁgj&})&ce N the metric 1s: dyg(x,7)
= llx - yIIN. By _theorem ha, there exista & smallest space

B such that Bk sgain metric and complete and N is iso-

metric w}’gh\& Subset of B, The space B consists of equl-
valenz '\cfésses PoQ ... of Cauchy sequences from N. TIf

x ;—:\f&ni is contained in P ang v - fy,} In Q, then we de-
\(i‘r_ﬁe the class a.P as the class of sequences equivalent to
the sequence g xn} and 2 P @ b Q as the class equiva-
lent to {a It by, where & and b are mmbers. HNote that
ax amdb Yy &re elements of N, because the space 1s lin-

ear. This operation @ of addition and multiplication by
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resl mumbers &,b,... , make B a linear space.
Inn theorem 42, the metric of B was Adefinnd as:

dg(P,Q) —nlggj dylx,,7,) where X = fx ! and ¥ = fy | are
members of P and @ respectlvely. If we introduce an eva-

luation of slements In B as followa:
&N\
H PH = d (PJDJ = 1im d {X 30); A o
B B nSeo B D)
NS 7
than the function, I I B’ satisfiss the requirements of a
N
norm, and hence B 1z a normed llinear space. B%ing’metri-
\:"’
cally compiete, it is & Banach space. \/

§4. Linear operatloﬁéJ

Given two spaces 3 and 8', if tg\each element of S
there corresponds an element oﬂ‘p"such g correspongdance

ig called an cperation from*S to 3t or, a transformation

‘v

of 8 into 2' . 3 may bg;célled the domain-space and 3!
the renge-space; the%gtfwo may coincide. If the range-
svace 1z ths SDaCS ;? real or complex rumbers, the
operation is caiZeﬂ a functignal

Let the?ﬁanach apace By be mappéd inte the Banach

space gﬁtby the relation:

N

N\
w4

Q b1, b€By, f€B
The operation Tf, or the operator T, 1s linear If
T(c1f1+ CEfE) = c1.Tf‘+ cg.TfP

for any numbers ¢ c, and any two elsmenta f1, f2 of Bp.

1 2
When By is the space of real or complex mumbers, Tf 1s &
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lineay funetional.

A tranaformation T of B_f, lnto Bd> iz cloged if', whepn-
ever the seguences Ifnf and {Tan exist, and comverge to
the 1imits £ and g respectively, then £ ie in Lko domsin
of T and Tf = g.

A linear transformstion T of B, into B,1: r-mfm

at f if ,whenever 1im j f‘ ~fH = 0, we have 1im [L’r"f\ -TE| = a;
n->m I—%go, Ay

the transformation is simply called contlnwu:;, it ic ls
cortimuous at every point of the jomain Qf.\. The Lrars-
formation iz called bounded 1f there exi“t“ a numoct M) 0
sueh that [ TFlf { M{' £| For everv.rt Bp. If Tf 1z a
bourded 1inear transformeti, 011, amﬁ\f‘ 5 € B tnen

i1 Tr, - 1, WMt f - f 1 gl’mcase B = Btb =  the space
of resl humbers, thie a equivalent to a Lipschitz condi-

tion}. It is easy tQ\Qee that a bounded linear trasnfor-
o\

mation 1s contir}i%g’ 8. For, the hypothesis implies that

i T(}»ff)H— Hre -fil < m e -fll.

,o

CORUGI’SSlET, if Tf 13 a linesr transformation which 1z con-

N
11'1]39 &t a single polnt g of By then it 1s bounded, and

“{],e}?t'e 1= continmious gverywhers. For if Tf {s not bounded,
Nhere exists g sequence I of elements of B

- such that

e > My el

where Mn->03 - If we set

_ Il
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we have

|ign—81f=w—1&;%0, as n > m.

2irce T & comtlimuouy at g, this would lwply that

It Tg,- Tgll = 0 as n — @, which is imposgible since

el )
I g - Tgll = ——B— > 1 Q
* M I £ A
\D)
'S
thug we have lhe following D

¢’~"
THIOREM 4L, For linesr transf‘orma.tiopsfthe coneerts
L ¥

. ~\
of bourdedness and corbinuity are sguivalent.

The bound cf & linear operatop,BJe defined to be

e next prove an impb¥tant theorem on the convergence
of = seguence of 1in@er operators.

\%{j}}Tn{ ig a segquence of continucus linear
ocperators def'ismae the transformations cbn = Tnf‘ of the

sracg B, ;_I;_t_@’E(b, and if ]'I‘nl iz uniformly bourded (that

$
is, [T "M, < M for all n}, and if further, T g comverges
A it === ==

to Q_ﬂ\’ﬁoeration Teg on a linear subset {gf which iz every-

widre dense in By, then for every f in Be the sequence T f

onverges to an operation Tf and T is a ilnsar continucus

cperator such that 1T| { M.

Proof, If f and g are arbitrary elemente of Bn, we

heve
F-T [ < D £-T ; - + g-T 1 .
I TLr-T £l o £-T all + 1 T2 Tall N Te-T el
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Sinece {T { converges on {gi we have, by Cauchy-criterion,

MUm [T e-T gll= 0. Futhermore

m,N~>®
o f-Tgll = 11T (r-g) il < M_I£-gll < M || £-g 1]
and similarly f'\
N Te-T,f MM ITf-g If . O
Hence x:\}ﬁ 3
Tim |l7£-T 11 < aM |} £- ‘W
e CaM i fg | \}\\

p*{

L W4
Since [g! i= everywhere dense in’éla, I| £-¢ [l can be made a3

)

small as we please. Thereforas .

Tim e ,~Tf1]=o.
m, =
g

Since B, is compké\é the sequence T T has a limit Tf in
Bd:' Now the qp@;vation Tf is linear, because

x\,)
T(af) 1imT(s.f)=s..1im Tf=a.TF,
\, n%m n>oo
and\almllarly T(f,+ Ty) = If + Tf,. TFinally, Tf has the

”\../
W M, for, given ¢ >0, if n ig large encugh we have
TTECee — o2+ T f |
<ewmy It

CeEsMFE .
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Ag a coraollary of the above resull, we obtaln the follcwing
THEQREM b6. If
(1) fi{x)e L (0,m) and 8. 18 2 set of numbers,

(i1} Klec,t) is Lebesgue messursble ané uniformly

bounded for & S{X and 0 {t { @

{iil} there exists &an ™, such that for every a > 0%,

=) A ¢
)
(4.1} So Kix,x)dx = 0 as o > & :”i\\'"’
W W
QO
then_ 0
(4.2) li%m 15 =0, §\>
(24 &
o} ::\\,,
R
wherc we def'ine ’.‘\'}
o « \J
(4.3) T £ = § Klo,xh{x)dx
& Q «:‘.”‘
P\

The proof of theorem lw’\reququ from the fact that it is
gaslly seen to be thJ.\iQ}}‘OI‘ step functions which form a
dense subzet of .o ~functions, and its validity for gensral
L -funet icns ﬁ‘ogiows upon application of theorem 45.

The keme’l' Kloc,x) = e“_xx in 0 { & < owith x = + @
satlufiec'\a“ the requlrements, since

..\Na Ixa .
£ - =1 1
e Tox gy e lo o

(f-\%f; e T i
< i
and (4.2) is then the Rlewann Lebesgue Lemma.
) ibex _
Actually, we may also choose Klx,x) = e for any
> 0, since In this case
8]
8 a-
Klor,x)dx = & §
SO ’ q fs]

L.
q

1% dy ,
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and for a fixed a, thiz tends to 0 as o - @by the Ve
same Rismarm Iebesgie lemma. More generally, wo nay
choose

X
K(or,x) = exp {ix | ¢(P)ar)
8}

where $(P) 1z real-valusd ars Lebesgue inteorre®rlo in “éﬁcr-y
finite interval o ¢ F ¢ P Sy
THECREM L7, @iven two Banach staces B, SLE,, and

a boundsd lirear transformation T defiped
£ MAUEd Arear fransformation -

7N N
linear aubset [gi of B, such that Tg, €FF) then 7 can be
gxisnded uniguely to & bourded liregs\prarist crmation on

~\Y
\ ¥

AN

Froof. For any g € fel y.re‘k’.(é,ve el < vyl ozl . ir

the whole auoace B1 to B2

- SN . . .
T& B, there existy a squ%mce g, In gl such thes

“5

e, £l > 0. since T 28linesr,
N\
| ~K
It e - Tgml'\%fll e e {m g - g it > 0
. N
80 that || T%Ui:}@ﬂrl - 0, and since B, iz complete, thers
exlate a $€NB such that Te,> & . Also for given £, Lke

v/

N .
elemenjgié»qs Indeperdent of the sequerce g | chosen. Now

i

do.‘?i{n;e. fT=¢ . The T ag exterded ils obwviecuglv lingar; it
,.\w -
|

\f\;)trounded, Eecanuse

VI T el g ¢ i me g sy e - e
ar

R AR LR T P



§b, Lirear onpsrations G5
e
PM e B =M Mg - £l 6> 0
g Lhst
ITEH - e, <MD KM g M2+ 6,
argl herce ”}}‘

¢\
C N\
£

The vriguecrness of ths sxlenslon follows {:::3 thc fact thal

) IR G A

the 1Zmit Ir & B-szpace iz unique, and {\}sm the fact thau

Ter T 1o be contiruous 3t is Pe(‘e'ﬁ,&‘&{f that ELg\,—} T

2
whenever gT__ﬁ . . (s ),
I N _
THEOREM L&, If the tr@*&*’fo*mau lorm T defined in
‘\Q

iz suck that H&I‘T[I M Il gl rer ¢ € g, then

Lhcoretn Ly

(for Lhe oxtendsd T}’,\ Ol = M I £] for all elemonns
£

fes,. N\
N\
Frool: ,M,&)
X
ot Tz Il - heel L < N T - TEN 0
/‘\V

ard W

*“Q\ Lo (el o

ng‘ I gl - nell 3 <M og - 1

It

m il 7g = 0Tl = 1im M il g Il = M nri.

T A/rD ]’1—>OO
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§5. L, -spaces.
Take a finite or infinite inlerval a ( x {( b , and
at first dencte by Lo(a,bJ the claza of Lehesgue moaEurable

functions in (a,b) for which

b
firePizx <o , 1< p < w.
a

N\
{\ ®
1 I o - 3 £ \1“: '
It p >, anmd iF prg= ! then q is called the c%\.Lgate

index of p, and Lq(a,b) the conlugate class C.f<i‘$'(&,bJ-
We shall now prove two fundamental ing\@t?e?litiea for
functionz I1n L (a,h). \ g
e oV
THEOREM 49, (Hdlder's Ineguality’y)
P\
If £(x) € Lp(a,b), Dy, Ej_:r_p_”;g‘(x} € Lq(a,b) then

f(x).g(x) € L (a,b) and N\
b b & 1, i
Ijaf(x}g(X)dxf COT 1RGN 1Pax)P [ 1g(x)1%ax)? |
p a
N

¢ &\J
Proof': we rya;?\%ssume that £ + 0 and g 4 0. Corsider
%0

the function N
. 2N/ p
L) +
o \ud f(t ) =t - = -
:»\{l . I

=

for tggéx We have (1) = T{1) = o; furthermore, £1(1)100,
fa‘{{%‘( t <1, amd Pr(t) ¢ o ror ¢ > 1. Hence ©{t) < ©
ﬁ}v’all t >e sXeent for § = 1, when f(t} = 0. Thus

tﬁ—{;‘+;—1, t >0,

{the equality holding only for t = 1), 8ett ing

‘l_.
b= ALIBIY, and miltipiying by %, we obrain
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(5.1) a.B) ¢ AL, 1B

If we choose

_ o fix)
A= —% 1

E) = I3 LN
(§ 19(x) 1 Pax)P (§ la(x)|%ax)?
=2 a
then we have N\
b b ,\\.
§1alPax = ¢ 1B1T ax = 1; %
a 8 QO
/“:"’

b 2

."x\
now the product A.B is measurable (on &cco@;}of‘ a well -
N
known nroperty of messurable functions ’\énd gince the
right side of (5.1) is integrable, ;\t’{j}éuows that [A.BI

iz integrable. Hence integratir%gf{%J ) we get the re-

guired result RS
N

«“ g

AN

b A\
{ [ A.Bax] 7§ 1A Bldx <
& »\ a
RS
¢ '\,;’
THEOREM 504, ¥ltrkowski's Inequality)

+ =1

.

-

1
j

if both.ﬁ?;(’“f and g(x) belong to I.p(a,b), p 21, Lthen
L

we have: A7
———— {.\{, : : :
b AN i b Al b iR
(-Sgt?\(\X)+g<x)[pdx)P (5 1£(x)1Pax)P + (§lexyPax)P .
PN a

|
2\

N\
N\, Froof: We way suppose that Flx) > o and g{x) 2 o .

liow

b b _ b A
§ If+g!Pax = § 1£eglP Vordx + § IFeglP g ax
& a a

Applying the inequality of the previous theorem, we obiain
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1 1

s Ja) -
§ 1esglP ax ¢ (§ iteg!P an)? . (5 FasyP
& 8
b L b L
s (§reglP a)® L ([ )P oax R
a a

which is the result we reguirs.

If we now introduce the quantity N\
1
b ] = A\ ¢
Nen= (§ If(x}]pdx)p , 1 (e w ”:'\\w“\.
& W\
4 “‘

ther, by theorem %0 it has Properiicz (2) g{}} ( 1o
norm {see §3), but not croperty (1) w\be the vanislrg

of . ) '\
R W4
§ IO GO
a L)
< o
s‘\::&

1s compatible with f(x x) be&ﬁg + 0 on a set of measure zero
{and only then}. Howeger pLoper'tv (1) of the norm can
again be securved b5 e;\qmtab’e comcept of equivaiencs,
this time any two\iupctlons f(x) being equivalent i+
differing onl’g ;‘n & sst of measure nero. The resulling
normed 1;%@&1‘ gpace 1z a so-called Ly-space, and the rirst
inroort&jt“'fac‘r about it is that it 1ig also a Barach space
acc;gn'*lng to the following theorem on lebesgue intezral
@1& we will guote without proof.

THEOREM 51. If If (x)! i3 a secuence of functicns
gach of which belopps to Lplesbd, p oy toang i, ror ¢ > o,

HEmfelPax Ce g s g o)



hte]
=1
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then thers exiaste g subseguence fr (x) conversing aimcs

m
evarywhers to some t(x) in L {a,t), and
———————— - t_} -

L
(S"nnz- 1% ax)¥> o as T —» .

A”]1 the above provertics of Lp—sp’ces heid in goneral
Lypes of reasurc spacss; 1n particular, in Buclidean andN

B . . - - - g
ces nf x-~2imenelens, k » 1, and we can operabe withyarny

NS
megsurane zet A instead of the intervel (a,b). (Mel a
7%
_ AN
bhoundsd ‘ntervail {a,b) --- and more gener‘all)r},,f‘or a aet
W

A of bounded measure --- & function g(x L Jclass I,,,]{a,,b),
o> 1, 1= also an elemenc of T. (a,b).:o,:iﬁ fact 1f wc apoly

&
Holdor's insguality to the fm1cti:31:’5’>{ gl{x)l, *, we cbtaln
F 4 N ¥
.

Clgllsx (8 g P dey? ot ax)= (bra)” Hgll[ .
jn Ua- sv"’; =% !

More generally, for i §"'\‘—3‘.&< p, any function of class
I_-D(afh) iz also an cv\“._’%ﬁ}ent of class %1(3313}_ Rut this is
no longor true, £hyp instence, in the interval (0, ), the
Lebespuc m::asu‘._;b)of the ‘niervai belng infinite.

x:\s.'

Xow E}}’«f'—) a 2inits or Infinite Interval (a,b) (or,
more g;;*‘r\@rfally a sa= A&). A function f(x) in it 1z called
iy’ iiif:;:l?; valued if Lhere exist: a finlte number of di=z-

lo¥nt messurable subsets Ay, .... By of (a,b) each of fi-
nite measure sueh that f(x) has a constant value ¢ on Ak’
X =1,....,n and the value zero on ilhe set which is couple-
IETLATY o A1+. S A, in (a,b). Now it follows from gs-
neral prircioles of lebesgue measure that for egach p,

i {p< m, the family of thsee funetions 1= dense in
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Lp(a,b) in the given Lp norn. Thls is true for general
spaces as well., However, in the Fuclidean CASES, more
than that is true. There, 1f we deal with any Interval
(a,b), or 111 the k-dimensional cage, if the basic zet A
is & box ]—I' k’bkj’ then it suffices to take only those
f‘initely-gl'ued functions for which each of the sets N\
A1 ’Ae’ N An is ltself a box Ik' In other wardgiﬁhe
family of what we rrevioualy termsd "step~f‘unqt‘;ﬂbns‘" is
already dense in L,(A) for every p ) 1. Now‘za:{‘en—f une -
tions are not continuous functions but om\y Balre func-
tionz of Baire class cne. However, j\sg‘can e geen that
every such Baire furction is Lp~apmoxin’|able by & se-
quence of contlnucus functions W Tilerefore we obtain the
useful result that the famllgy of continuous funectiong is
likewise densze in IP(EK}, which regult can again be ge-
nerglized to a genera\l measure-space with a suitable to-
pology in it, Bmi\in the Euclidean case one can go much
further; there ~for instance, the class of differentiable
functions "I{* already Ly,-dense for every p, but this re-
finemelngqill no longer be nesded in the present comtext.

al
"

\§6~ Qmwiggﬂiuﬂd dpproximetion in Lc —norm
THEOREM 52. If p ) i and £(x) € L (-w ,w ) then
© L
Te(h) = (Sm[f(x»fm— £(x)}F ax)P 3 o
as h - ©0; more generally, te(h) is continuous in h.
Proof'. Plainly, Talh) {2li P[] . Given E > o there
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exists & continucus function $ vanishing cuts=ide a finite

interval such that

)
§1r - 4P ax (e

it o]
Jet
[£9] L I\
B(h) = (§ 16(x+n)-8(x)1P ax)P AN\
—CE. Y s
©
Then by Minkowski's ineguality, A \“}

N
le(m) - Bin) € (CIEGan)— blxen @)
T § \\4\{5

N L
£ (§15(x) ~$xITP ax)P
O~

E N
‘\s«
LI

L Y
NS
3

Since §(h) is continuplls, we deduce that Tg(h) is also con-
tinuous. §<\\3
THROREM 530y If f(x) € Ly(-00,00), p 2 1, end

K(t)€ T, (@)% end if we 9% U
§

oY « 0
N o(x) = { £(x-t)K(t)dt
=00

AN
o
\W K
n the integral exists for almost a1l x, and ¢(x) € ]-p

(-@ ,o ), and |61 { M[f £1l, whers

a%
M= § 1K(t)ldt .

=Co
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Proof': We have
il 1
16506) ¢ § 120t K01 . 1rece) T ae
r i
CEIeE-oPIRe ) ae) ([ 1Kt ) 1ae)?

Henes D
1650y ¢ (FIE-t)IPIRCE) JaE ) (§ 1R (1 ) s )@
f\
Integrating this Inequality and using Fubini's Ihx—{\c
we obtain \~}

e
18501 ax ¢ (57 1rgxet )P axy (gmrfc@‘f 2
[&w]

o N
N
{
= (§126 1P axy (5~ @R%).lm.lp
&
hence §)

N/

o m”

Ak

Remarks: Theorems 52 ang 5% have obvious extenaions Lo E, .

We vecall LhE'Lt,@;} P =1, we established tho ore-dii-

menslonal cage (;kg =1) of the forula:(v.s Chr.I}

»
P \4

(5.1) s (x, f\”}

= R S P ixet H(RE V.
75 W 5 (x+t JH(RE v,

(Tr oh;n\e\\I\we had sg Instesd of 8,), whers

Ay
'X‘é:) H T, =
{‘} e )k Sﬂk (o )ay =1,

In the case of il

x)& Los P> 1 we have npt ¥et defined a

Fourler transform, ang 80 the expresszion Bp(x) does not

have the significarnce wWhich {1 had i §7 of Chr.I. I we
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guppose that Hix) € L1, then by theorem 53, 1t follows
that SR{K:I € Lp (where SR{':{} is now defined by (6.1))
whenever f{¥)} & T_p, and further

[ENE RG]

&
where ¢ is a consiant (as usual). Also, if t = (& ...,tk\)

then

I 8p(x)- £ e SEkrf(m%)— £(x) P H(tm{t
'\Qv
<o g I lemiP H;@t
R

) 3
A\

— 0 ,‘”:

as R > w, since Ta(t/R) is a, bounded continuous functlion
terding tc rero as R —> oa,:ﬁhich is alzo continuous at
the origin. Hence we hs@ﬁe the following

£ 3

YA

TEEQREN. 54, : , and H satisfles the
1 54 %g&gﬁx) € 1,(E,), and Elo)

conditions: ,»f\w’
‘]..‘\,)S
AT Hix}Vv =1, Hix) € Ly
\ Q"rrjk EL( x ;
Nod
then ;{\
{'{:a
N/

ISy, <vns 3)” £ e X, 200

8z R - o, where Sy is defined as in (6.1).
Irstead of approximation in norm considered iIn theo-
rem 54, we ray conslder point-wize approximation of Sp(x)

to f'{x}. We have
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IS, (x)-fx)] < RE[ I (x+t)-F(x) | H(RE )GV, +
R |t§<é t rtgrzé]

= I.I + Ie’ 3ay,

where
IEEE R
&
Now,
ke ¢ D 115 ( \“'qdl 5
[T,I € 2R™{ 1 (x+t )1 5av, )% |H V t
2 15126 B s S )
,,gv;
If we now agsume that Hipe) is & radial fg_m{tsion, then we
obtaln: \\
1T, < e Rktg [H{xR)|4 ‘\‘de)q
2N \J
e Rk( S IHQX?FQ k=1pk 4 y}
‘?sk
K(154) @ L
=cR ,,{QQ( §. IEIY 3¢ ay)t
) ,&} 6r
R i}
=CRP ( S 1Htv)1° k=1 gvy@
x\«/
{b\ut
If we assume further that
B i
=~
~NS H(It]) = o{(—1—
~\'§.} k) E > o

then it follows that

[T,1 = o(1), as R = o .

Apain,

|I1! o{1)
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on using the same argument as in theorems 6,7,35 and 36,

provided that
XkH(x) = 0, as x -> W

while
L
S gx(t)dt =olt), as t = o,
o

o N\
where gx(t) ig defined s in §3 of Chapter II1. We ,B{;Q\
¢\J
thus in & pesition to state the following \':S\ “
THEOREM 55. If <’~ ‘
. 4
(1) £)€ LB, p > 1T \5\
(11) H(ex) is & radial funection, \H(:x) > 0,
9.\
. 1 K
(1i1) S HlocddV = 1 & WV
A )
L )
1 \
(1) H(ls!) = O(—pg) deTal > 00, €> 0,
loc 1778
N
then the condition N\
N\
t QO
5:%@9\& = o(t), ast > o
W\
e
implies ¢
\.}
A0 splx)- £(x) = o(1), ss R @
N/
7"
\\\

Re Y (11) and (i11) together imply that Hix) € L, in E..

<>‘w’
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CHAPTER IV
FOURIER TRANSFOEMS Ik I’z' N\
§1. Tranaformations in Hilbert apace ”\\\
In this chapter we shall be concerned Wi t‘h\f"gg rlan
transforms in Lg. 3lnece, for an arbitparsy "‘\_Jm,l o

v

fix)¢g L (- ,00) the integral def‘lmrq{\’s.he Fourier trans-
form ${x} doss not exlst as an ordm&}y Lebesgue integral,
the L - ~theory will have features «ng} encountered in the
L,-theory. We need =a few pr'e ’im‘inar’y notions.

The bilinear EXpress 1031*
.~x

N

{(1.1) (r, g\&\—g f{x)g(x)ax

1s called the igtmgr\product of £ and g. The inner prodact
sxlate wnenevm"f YEE L, (0,00 } becausze of Hélder-Schwars

1nsqualit3r,2>~ﬂlqo 1t has the following Properties:
®)
N

(1 .23,>\ (8,£) = (Fp)

N

"N ¢
Q\,‘:«n (£,£) = (| £IP
{1.4) (f,ag) = alf,g), a being a number.

1

(1.5) (f,g,+ g,) (f,2,) + (f,e.)

(1.6) [{f,g)) ¢ TEms 1 g
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(+.7) (f,g) is & continuous function in both its arguments.

(£.2) - (F,8,) = (F-T,,2) + (f .28,

[(£,8) - (F g M C HE-T .20 + [(f,,878,)] o

el el 1 s -1 B
}
Cheme il Mg o+l e g@y Sl

NIRRT g\goil

Glver € > 0, there exisis a § such thal?\

8 ’,
3
s y'

IGLES ol + ug11)+6,<a
“‘{\“

and then tga“

& :9 B L\(’Q,go)l < &
for ¢\)

Q
He-r B8, end eglt< S .
x\«/
ir s &T %  are two subasets cf L {-@® ,00), & trans-

Format 1J\\T’ of 8. into S, 1s alled isometrie if for every
(f,g}

1

palxr &ﬂ‘m ewmevits in its domsin, we have (TF, Tg)
NS

W .
@ called unitery if its domain end renge colncide with

L,, and If (If,Tg) = (f,g) for £,8 € L.

§2. FPlanchercgl's thecremn

Our chject 1n thls sectlon is to def'ine a TFourler

trensform for functioms in I,, and to show that 1t repre-
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gents & unitary transformation 1In LE. In order to exhipit
clearly the invertive properties of the Fourier Lransform
in L,, 1t 1s comvenlent to alter the constants Gccurring
in our definitions in the L1 -thecry. Hereafter we shall
say that 1if f{x)e LT('CD,CDJ then its Fourier transform

b{e) iz defined by:
N

ja sl
{(2.1) d)(o() = ‘7;—_1; S f{X}eiD(X ax . '.'\“\"
=0 \\ “

With this definition in mind, we shall collex}t} here two of
the results we need from the L, theor’y (f‘\“% is the class
of beounded functions belonging to L ( oo co ), thor § 1s a
dense subset of L,(-co,w ), and if, fb;) € &, the Fourier
transt’orm iz defined by the integm\l on the right side of
(2.1), which exists for M :ij:n -w<{oc { . We then

bave, first: ‘~“~

ir r, dJES,then
\"\

(2.2) ftxﬁ\\« 7wl b)Y gy

elmost everywhere (see theorem &).

Segqg%\iy, For £, ¢ € 3 we have:

'\J oo
{,, 53\ { ff‘(X)Jedx=§mld>(y)!2
=00

00
o\’z

(See theorem 12). Finally, if d) b(y) is defined as
Tollows, for b > a ana £ > o:
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; 0, yv<a-t
; 1, a{{y¢hb
: = ; L, et (v (e
E LJ_‘:,{E'_;Y_ ; by b+t
| ¢, ¥ bie
then the 1linear manifold D determined by functlons of the,

form d) ,b is denge In L., becausge lts closure conta.ina,’in
&\ \

particular, the step-functions. o\
% "‘/
Wow, define ft (x) by the equation: (s
=3ga
(2.%) £ (%) = = 5 85 3 e P‘dy
o\

Then, obviously, ft plx) ts e bounde&x f'unction of class L,

and in particular (by (2.2) and 1[2~.'3)) we have:

<N

D ¢
£ = 1N 1xy
{2.5) fha,b(y) V.3 Soofa)b(x)e dx
O
almost everywhere,, %@,
\
ME g ay = SIS 012
%1,) a,b L a,b
‘\“ _
Def"ige,a transformetion Tf for f€ S by the relation:
R\
(2. 69 -6, £ES

where ¢ 1s as in (2.1). Beceuse of (2.3), T is an isomet-

ric transformation, and since 5 1s dense in L,, T can he

abstractly extended to &ll £ & 1,, and the extension T is

again lsometric and unique, by theorems 47 and 48. (The

extension T is, in fact, obtained by closing the operatlon
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T given on &, and T = T on 3). This defines:

o 4+
- 1 1XY . -
(7.7} b(y) = 1.im. o= _goof{x)e Yax, e L,

"l.1.m." 1z to be read asz "1llmit in mean“. The precige
meaning of {2.7) iz as follows: glven any T € LE("O?J 200

conzider any sequence {fni, an 3, =uch that fr__—-> i
L,-morm.  Set ¢ = If ; then ¢ € L, 1s the limit, in O
L -nerm, of the seguence [(b I, this limit exis ting\,\ a.ld
we define Tf = ¢ . It should be noted that {f i- r“au Jals:

any sequence In 3 converging towards f, anda\thau, <b ig in-
N Y

dependent. cf the cholce of Iqu. N\

The class L2 containg, in paz-tigﬂ‘}}cﬁ’-, the functlons
£ - N
Ifa b; of the form described in (e‘h‘); their images f[f}z_ b}
together with linear comblnatlons COl‘lbtl‘tL\te I, which 23

dense in Le' Y¥ow, the rangs OL T is a closed subsct of .4,,

and 1t containg D whicha 13 deme in L Hence the range

- Ay
of T 18 the entire Ep&{:e L

Being 130mﬂ=urx Tf is cne-one, and since the range
-1

of T covers uba )Afhole of 1_.2, there exizta an inverse T

which 1is aga.\n izometrie; in othew words, T is unit ary

N

Jué\ 85 In (2.6) and (2.7}, 1f we atart with
"}’a,{)b(f)e 3, the relation
/ £ 1 P -ix
€a p'F) = 72 500‘]%,,13(5’}6 ¥ gy

R . ) . . * .
gives rise to an lsometric trarsformstion T , Bay, i L,

which carries L{_) into g, where g is defined as foliowa:
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1 o0 - I
{2.8) glx) = 1ol o _Sooq)(y}e Ly dv, ¢ & L,

ard 1.1.m. has the zame meaning az in (2.7}. We shall now

show that

(7.9) T = T

In fact, we have ’ {\
¢ ok Oy
d«‘an{Y) = Tfa,b(:’{} » \ o

£ ——
and henco fa. b(x) = T 1(b;,b(3r}. However, bi@

i ] = M g% -
La,b(_&) = d) b( 7). Hence \\\\>
O
_1 - N
T = T “’ (%
\S
on a derse linsar subset D of Lg\éince both the opera-
N -1

tions are bourded, it follom;f‘hat T =T throughout L,-

Hernca, if \’:“
O\

| O ix

{2.10) @(.{Ql.i.m j f{x)e™7 ax
—OO
ne
then N\
£
t'\\s./ - ]
. N .\ 1 IR B S .
(2,11 /\xz P{x} = 1l.im. = §OO¢(3)B dy
D

2?”\1? b(y) = Tt, and (y) = Tg (a8 defined by (2.10)
3

n, gince T iz isometric, we have the Parseval relatlen,

(2.12) {7 e ERax = § (F)p(r)ay -

-0

In pariicular,
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® 2 e 2
(2.13) § 1T ax = § 6T ay .
=00 —o

From {2.10) and the theory of convergence in rorm, it

f'ollows that

Tie(xan)] = o7 4(y); T(F(x)) = 5();

N
_1 1 . £\ ¢
T ()] = eMp(y); T (Fx)] = 3T D
and hence from (2.12) we can deduce the follgygé}ﬁ}g'relations
(0] o0 ,"\'\{’
(8) § POz = § $yp(y)dy s

=00 - \>

Ox‘

o>

(b) 5 fx)glx)e X gx = 5°f¢i{y\)q,(h~}-)dy ,

R 4

e
N
a0
N
N

®
{c) § fix)g{h-x)dx =£~2{$(¥N(y)e_ihy dy,
)

(2.1%) ~ "
A
all Integrals being aﬁ‘@\}lutely comvergent. From (¢) it
N
follows that the :Eo}fier transform of the convolution of
two f‘u.nc:tionsxj_i’::)L2 is the product of their transforms.
Let f{%:\}e ard Tf = ¢, Iet Yeo,p(¥} =1 fora vy

and gijaﬂ? ) = 0fory<aory>b. Then

P _1 [v'e] -
77§ Ya,p(¥le 77 dy

_'CD >

T VPa -1x

Using (2.14) we get
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03] o
(2.15) S(ﬁ(y)%‘,b(y)dy = ;Emf(x)ga’b(—x)dx
or
b(b( ) . 00 eibx“ eiax
{2.16) vidy = — f{x) —— dx
Sa Ve 5U:) ix
for any £ € Le' This may ke congldered as the second
interpretation of relation (2.7). \:\
AN
If on the other hand, £ € L, N L,, then from (£.15)
' 4 “‘
we have ) 3&:}\ 3
b oo p
1 A\
blyidy = == { f{x)ax (&8 ay
5 = N

-

0
and the integration on the right gla;ii’}xow be interchanged,

LD

with the result «\
“‘~\"
had® ®»
e 1 1WK
bilyiy = fdy . —=§ e flx)dx.
Sa A~ Sa" vew 5OCJ
&
Hence for almost a@j
“(\“} [& 0.
{2.17) NEE = by = 2= § e FP(x)ax.
x'\i.} yemr ~oo
\v
N/
Nea(§c§ if f{x)€ L,, and we =et
R\
o)
<>f‘~' { £(x), for Ix{ {mn
£o{xy = |
n! i o, forlx! >n

ther each f (x)€ I, nL,, and £o{xd = f(x) 1n L,-norm.
Heuce, by (2.6) and (2.17) we have

n P
1 iyx
‘ by = = =8
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This 1s the third interoretation of relation (2.7},

If in (2.16) we choose g = oand b =1, wo have:

td) 1 Sr:c, ei.tx_
(¥)dy = — : Plx)dx.
So Ver mm
Hence for almost all t, Q)
oo _1tx AN
(2.79) Eb(t}=“1— g— LIS d AN
Vo OF 3T fax
)
the derivative exiating. &3
Inversely, for almost all x, \\\\\'
>
o i
(2.20) £(x) = 5 B bxan,
\f’d‘-ﬂ- "OQ”‘ ’v} s
0::; ’

the derivative existing, ™
&N
(2.19) and (z.20) sebie as & fourth interpretalion
of relation fa.7). g\
We are now iﬂ\%\'{:loqritw‘on to aseert the followine:
TH’EORE____;__)V( Plancherel g theorem).

Let ;;QE L(-oo,m0). Ther the functions

i"\"'
Nl (1) = =L (et
AN = Xle dx
:?32 o ver -n
Nerge in L, ~norm t 10 2 funetion ¢(y)e L., and the trans-

formation T gefineq by

_ n
) = ¢(y) = 1.1.m, 1 f(x)el¥E g
n-}oo Vo '—g-n ° :

15 & unltary Yransformation of L, Into itself. similarly,
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~he funclliors
I .
-:LJ X

- 1 .
Yiuls) = = ae

ax, g{x}€ L,

converge 11 L.o-norm Lo a funetion \*J(:,-') € L2 ant the

- . L .
trararormatior T defired by

wly) = 1.1.n
¥ n—>o0 V2w “n O

3
riverge of the trepsformmtion T, ‘: that wharever

ig the inwerse of tho
\\\”>

the relation
1
bl¥) = 1.1.m. —=— f(g\; LT 4y
n—}m VT :n}\"
nelds,then so does the othe;:v\\
N
ol 7 14K
flx) = 1.gt d(yle 9 dy
H -4N18] e 5
& § 7 16
L\ %317 = [h(w
Xs
> N\ ¥4
,\é.}
AV
/\../ .
»’\‘\ §3. Qenersl summability
and Tf = d{y), = H{¥),

{\ Lot f(x)€ L, K(t}€ I,
Qﬁhere K,H are real. let H{w) €

gy (/R gy
Ve -0

L_I M LQ. Zet

K
(3.1) 2 (X)) =
R

Usirg Parseval's relation we have

[ a]
§ f(x+y)RH{Ry My
156 i 0 B

K
(3.2) 3 (x)=
R
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X
for every fixwd x {(and R). Also & (x) € L {see theorem 533,
Hence, a8 in theorem Sk, we have:

THEOREM s57. If f(x)€ L, and K(t)e€ L., and

TK(t) = H(y)€ L n L,, then

K
(3.3) lim ) 8 (x} - f{zx}ll=10 , N
R—=00 R
K :\'\“;.
where 8 (x) 1s defined by (3.1). :\':}
R L
Again, using theorem S5, we cbhtaln: "\:\“3

THEOREM 58. If f(x)€ L, and XK(t) € gy Nend
H{y) = 0f 1+t) £ >0, 88 Y —>cowhere<1§v\) TE(t),
¥

A2
and, further A
I \®
s 8 Hlo)dec = 10
~o N
‘s:\,‘
then N\
_ Ny
f5.4) S (x) —{\f‘(x) as R = o
\¢

for almost all JQ, ,p rovided thaet
.\)

(3.5) oL Sg(t)dt S0 ast > o
® M
{1\* gx(t} - El{x+t ;;-f‘gx—t} - flx).
Dually, we alsc have, in like memmer, for & € Ly»

o s}

(3.6) \/_2—:1?5 rxKEe™ ax > 4(y), as R S,

for almest all vy, provided that
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+L )+ -t
2

(3.7) tby(t) = - &y

1g such that
T

L (o (6)t >0 ast o
o

Remarks: If 'H{y)! ¢ Ho(y), where H {y) now satisfles ‘g@
A——— [#] " \

conditior that H satlsfied in theorem 58, then ,\
-

o{1) as t = Ox\Q

[l

, °
E Song(EJIds

~
N
will imply (3.4), while .
3 \\\{>
* t ¥ 4 \\
T 5 lby(a)lds = o(x}\’%}s t =0
o X
{v:’»
will imply (3.6). A\
\y
T tl‘:‘t“‘

then <\\,;
:’2}‘" H(y) = (sin 2)|
© 2
and ~’\\
Q 1

and hernce we have

R
(3.8) 1im = b (y)de = &(¥)
R—=oo R So P P

almost everywhere, where
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8,(7) = § 200617 ax

P 5

(3.8} may be locked uporn as g [ifth irterpretaticn of {z.7)

In {3.€) we proved that if T € L, and Tf = ¢, thnen

the existence of

[0 9]
(5.9) 1w - ¢ rkEel ™ ax

R>over  Zoo .‘:}{

implies that it is squal to ¢(7) almost Pue_@&e:c. licre

/

generally we can stats the Following:

» N

: 74
{1} Kix)e L,, for each'q)
O
13 : S
SO RS,
ts‘:s:‘
(111) lim Kq(x}.%".‘*, for almost ail x,

{(1iv) rex) @‘LE anéd Tf = ¢

N\
@ ¥ -

FIxE_(x)e XY ax
- K,

°'n' —Q0
x{“"
and L*m {\9 {7) existe for s measurable set in v, say va.- ,
them~\
@ o) Hm oS (y) = 4(y), ye B .
11“>C,O ¥

For,1f  (x) = P(xJE (%), then f{x)= f(x) in L,-norm

M S (¥) = TE (%), where T 18 continuous. Hence

Sn{}’J 2> &{y) in Lg—norm. That is, Snk{y) = b{v) aimost
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gvervwhera. Ixn particular, on the wmeasurable set B,
M

Sn(y) comvergss. Hence

Tim B8 (y) = ¢{y), v€ B, .

NS00 ¢ Y ¥

Remark: HNote Lhat (3.10) doee not assert that llm 8 _(y)
n—co &

existe, but only zaye that, 1f the limit exists then 1a\

ig squal —o the transform. O’
¢\
o\
« \J
. . \
§4. Several] variables. ,Q 3
&
The extension cof Planchersl's theor@\%rom one to

7/
zeveral variables does not invelive ar %w difficullty In

principls. ‘.m}’\v
We start with the flmctior}:‘d% p, defined by:
Ok

[ AN - , &
(4.7) B (Tl [T 4 (750

a,b* " . T = a.]" J .
where each factor é;\\\ (v.) is exactly of the form descri-
bed ir §2. The'xj_\ b%\’b{y_l seesTy ) 18 2 bounded function be-

>

longing bhoth ‘r(j;q and L, and 1f we therelors define
O\ 2
P \ud 0o w -1y X
. T . 1 . - £ g1
(bo2) £SO, ux ) = — s § b 85 @ av,,
Q™ T em/? Cw T R 7
FRIIR, \ N £ . N 1
'uh‘fd’{;; obvicuzly, fa,b ig agaln a bounded fimction belonging

y N/

\{(}I‘W and L., and by thecrems 38 and 39 we have,

@ W g iZXjS"j
< 1 e av
[ba}b[y.! ,...,yk) = E‘::;)_k/gim .--Smf‘a,b[x.lj ;Xk) x
=

(k.3)

everywhers. PFurthermore
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N )i%av
e Fiaveea¥
500 - 8,571 k J
(h.)
oo (o0 £ o
= §m"'§m’fa,b(x1‘""’xk}] v,

Henee, if we define & transformation TF for f ¢ 8 (where
3 is the class of bounded functions belonging to T_-1 and\
Le’ in EK) by ths relation A o

™T=¢ , fe 8 A

whe I‘é "\& y

, , 1 ®  ® N
G55, ) = /e 4§ T T,,x\«,x e

’4
A/
then Tf 1z an izometric tramt‘orm@,ﬁlon, and since 3 1is

dense in L, (E.), T can be aog&;l’actw extended tc all
€ L (E ), and the extenqién 1s agaln iscmetric and unique
by theorems 47 and yf QI‘his defines

e 2\J
o J_Z
(h.5) O(y) = Lodg. 21 ¢ (e 1% i ,
%‘NB (E?r)k/Lgcm éco Cle Vz

£
A S

whers 1.1, m.\més.nq that, if r RX)2E(x) 1n L,\ “nerm in B
then ¢ 1~r\&fmed ag the limit of ¢ (x), this 1imit exist-
1ng, in.\L ~norm,

‘\)vIt then follows as in the cage of one varigble that

T 1s unitary and the lnverse of T ig defired by

T 4=r¢r,
where
o w  ~1> x.y.
Ple e, ) = 11w —1 5
1. k myk/2 § Eoo‘b e Wy
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Being unitary, Parseval's relation alsc follows:

f S S FRS 9 g{x1,...,xk)dVX
”CE)
(h.6) SO S —
= ;lmdﬂ:\)’wly'--:yk) ?(y1;---3}'k)dvy

If A is & bhounded measurable set in (Ek} and w{y) 1= thq,\

¢haracteristle function of A, then w(y) € L ; let \

T w \,]J(X) Thug for every f € L?, it followsr,&"f’}’om
(4.5) that ,\:\‘“‘8
(/
Sg W(y)d:(y vy = SEKH’ \l\\é‘ x
O
or, AN

NI yixs
§ dty)avy - Sg SGOu 05“>e v, )

Qs‘

If f{x)€ L, n 1,, then, 111&6.2% iz hounded, we have

3 1Zy
penavy =.\~(5Adv g © Plegav, ;

. ,(:
this being true f‘Ql’:\L’VSI’}T bounded measurable set A, we
hence have .\“:;w
S R
7)o ,&{y) =g e ir(x)av,

almosi‘{é}er*mhere for £€ Ly N L,
@gi’ fa ! is any sequence of bounded meagurable sels
such that

0 CA CA, C ... CAD%EK,

and 1f f(x) € L,, and we define:

%f(x), XE A
fn(X) = i

n

o, X#‘&n
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-

then, due to the boundedness of Ar_-’ each Ln{}:) £ L, n Lg
and £ (x)-3r(x) in L,-norm. Hence, by (4.7) we have

1 x.y.
(4.8) O(5) = Tf(x) = ——, A Tlxde Wi
; (em)/

almost everywhere, and

18T i“\
. 12 x y.
{8.9) &(y) = 1.1.m. l{/? 5 f{x dav O\
n%co (211' X D
N
. . . \
In particular, if An 1s the set defined by the .;E}’r-a'mo:’-t_*,r:
2 2 2 2 2 (O 3
XE AL D IxIT (0% Ix]T = X1°+...+xkf$%.hen we obtain

1y x.y.
S0 g 3\\>f(xje ataay. .
o 2L 2 *
x, +...+g~:,\§ n

O

Thus we have the extension of‘~ th’eorem 56

d(y) = 1.1.m,
11“}@3 2] rr}k/

‘sw

THEOREM 59. Let f(x T,,.’-.,x )€ Ly(E). Ther the

oy

functions Ny
."\ .
bl g Sy §...0 fix x \CJ.Z_:J;,,—jd_w
n*v K\\(Ew)k/?_ '(;' 5 EREEEE I 5
e Z }:_'ir_é n

> I
£

NS/
converge jk Lo-norm to s function ¢(y prereaF) € L, and

the t&nsﬁormatlon T defined bre
o

W\
;P,{'MJ BTy = i .. Sf(xjezy‘jxjd\f}{

</\) n—=>co Z {

[0S
[
=
el
i

i3 a unltary transformatior of 1, (B ) into itself.
larly, the functicns

-1y w.x.
R (E;Jk/’a g..;g atxe 23, Isv_,e € 1,(B)
ij (n°
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converge iL Lp-nomm to a function w(y) € L,(E,) and the

* ra
transformaticn T defined by

» 'ifo' 3
T = wly) = 1.l.m. —— L0 mxde I av
¥ n—3o0 (Enﬁk/‘ E:g 2<5n?” *

is tha Zrwvorss of the bransformation T, so that whenev

the relallon L\
1 j—z}iji '\t\”B
d(r¥) = 1.i.m. - /2 5....5 f{x)o vy
n—oe (o) ZX <\,‘,
K7,
holds, Lthen go coes > : N
holds, thesxn 20 coes the other \\Q

Px) = Ll —~lp o (L0 GDE av,
T|‘%’J_) (7o) / ZXJ'2< 1:}: "{
\ \/
and ,\‘::‘.

§ o5 oy 12av

= 1T {xy|“ dV S\ ‘ .

3. X QVTE, ¥

{N\

Badial functions

Azaume ’gﬂ& Fix ,}:k) £ L2 iz radial ir the sense

_I,...

defired %f\"ﬁr II; then
:@* Py, %) = PRI = £0A T e T

£ r(lxl), for lxl {n

£llxl) = f o . for [x] > k.

Ther
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in Le-norm, where fne L1 n LE. 3ince f‘ne I..1 s 1t Follows
that cbn(y) is also radial, and by Plancherel's theorem,
b, (¥) - ¢(y) = Tf. Since the radial functions in L, form
a closed subspace of L,, 1t follows that b{y) 1s alsc
radial (and similarly for the inverse). Thus,

N\
(5.1} 1f f€ L2 i1s radial, then the Fourler tran?ﬁcm of

£ is also radial. O
I":k'

AN
if amcl}only if

Now, 1f [ 1s redisl, then £ € L (EL{)
£z 2

t’(t)t t Le(o,oo), where f‘(t} R 3et
\
,\\
F(t) = f(t}t{
and . :,,\'
— ’,3}\3 k-'l
B SB(0)
L N
As before, we then hage"f&r Pi{x) € L (o, m ),
R

\ w0
) = 1.1.m F(x)3 {(yx)dx ,
.g\\{t\ So * P(vx *

where §{y) Qt\ﬁe(o,m }, and

A,
“:\\\‘”\{' F(x) = 1.1.m. gzoﬁ(y)sp(yx )y
Ry
§>M SmF G dx = Sooﬁ v gy
o]
where

Thus the inversion formulas in k-varlables, if applled

to radial functions, produce the so-called Hankel inversion
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-2

formulas for = %— » and we also obtaln their validity
in L,-nor. This manner of derivation, glves then only
for u = an integer or p = half-integer. However,
the formalag ard thellr validity remain in force for arbi-
trary real valuss of } o, as we will show in the next
chapier. I\
I k=1 the Hanxkel transform reduces to the cosine‘\
transform, while k=3 gives somethlng very skin uO th}

sine-transform. ‘.

x:/s

If =17, a radial Tunciion 1z just an Qm%‘\l‘] functilon,
nee as in (2,16
ard hence az In (2.18) .’\;

La & acn g x
by) = 5 55 § CEOVFREE ax
N
alrmost everywhere. The rig_ht,:s‘iﬁe ia the derivative of an
7 .s,'““
irtegral of an L‘I f‘unctiongfgéo d(y) exlgts almost svery-
whare. For the invorssi\we have:
¢ gin ¥ X 4.
§ oolyy =5—a
Vo 4 Ie}
almoat Dverf\ fhe're
%

§6 Derivatives and their transforms

‘?;fé will now have some operationsl theorems lavolving
\ e

Fourier trensforme in L,. We will deal gxclugively with
the one-dimensional situation, although the k-dimensional
sralogues are frequently of considersble interest and far

from trivial,
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Some of the theorems to Follow are extenszicns {re-

maining one-dlmensional ) to Lg—f‘u:rlctions of thezorsma pre-

viously stated and proved for L1 -functicns.

In =cwe =ugh

instances, the L1-case is the more diffiecult ore, anid it

often reguires several elaborate manipulations, whers the

L. case could be disposed of in Tewer stopsg,

el

S

being that in the L €8s, NOrm-Cconvergencs

the T—e{;}’on

of *Lh\ fune-
B\

tion can be immediately translated into nora (‘C(l"CI’“OﬂE‘Q

/

of the tranzform (ard corverzely), where,ag~

‘x

10 Lhe L1 -e83e

no such translation is directly svaileble but nust be la-

boriously substituted for by other%\ﬁ]es of

THECREM $0. If ry (x) € L ‘LI}EV grd T,

and T, (x) € L, in E,, and "Eff 1x)] = d) (=}, a

tf}1 (o) = (bz(cx) almost ever*mhere, then £, (x)

R

svervwhere ., N

\»\
Proot; Ebcqeg?:; for a mill-zet, we have
\\ "

by theorem 58.
The right sides of (6.1) and {6.2) are
the left =idesz are egqual almost everywhere,
THEOREM 61. If H{y) € L, (E,) and G(x)

if H{y) 1s absolutely continucus, and HT(}*)

procedurs.,
f,l I:X): = ¢- (CK}:
and LT

= =, {x) aimpst
o

., by trnsorem 5,

(6.1) f1,(§c‘)\= lim —— gmd> (a)e'i"‘xe‘“emgd« = 51 ,
NO R Ve S ! R
N A
& '®
N\
N 1 o —tocx —ol /R 2
ABR) £00 = Um e b el R o g
) R—ow vor = R

equal, hsnce

€ IJE{E.l )J
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— 1 R .
cthen TIH (y)] = -ix G(x) (which automatically belongs to
1,(E) ).

Proof: We have

-

. oo
: -tyx

Hiy)=1.1i.m — & Alx¥x ,
vor Zoo
L | QO
where A{z) = T[H (y)]. Integrating this between fi /’ta\
timite, we pot (=ee 2.20) ¢ N
N/
(o v NN =lhx N *
Hly+h)- HGy) = = § o (Gl adx
pl X +%7
2w (sl '\\/
Or. the clher hand, we have \\\
H{y+h)-H{y) = l.i.m. —— { e & -1 )a(x)ax
Vor T NV
« \V
How _ .:f;;‘*’
-1h_X_.| AN
- L (-0 ,00)

and 0
g\,&(x) € L{-c0,0)

N\ (e %1 y6(x) € L, .
Uzing theecrewm £0, we have

ihx -
(0 Ax) = (e ) aex)
almost everywhero.
Take h=1 ard x + 2wn; then

A{x) = (-1x)G(x)
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almost everywhere. Thia iz the Le-analogue of th.5{ii).
THEOREM 62. If f{x) € L,(E,) and 1x0(x) € L (E,),
and T(F] = ¢(x), then & (x) exlsts and TIixf] = ¢ (x).

Proof: 1let
n 3
ooy = === § £(x)e ™ ax
2w -1
and N
1 iocx SO\
yylo) = Y S_nle‘(x}e dx \:,\ )
Then W
)
by lx) - dlx) € L,, and Lgr(oc'),\j}w (x} € L,.
However, T \\\\\,
L{JH(KJ = ¢n(m) ;";‘}J

) - - N V, -
the latter derivative obviouglyrexisting, and theorem 62
o\
‘:s::«
a3

ay

LEWA L. If on a £bite or infinite «-interval we

follows now from the

are glven certain L;\functlons, and if the limit-relations

N

(6.3) :\\ b)) > i)
| "‘t\":}wl
(6.8) O 200 = le)
A\

hol \1 L,-norm, and if the functions W fe) are(locally)

A
a{molute]y continuocus, and

O~

Yol = &)
then we also have
Yo) = 4 e).

Proof: If oc and f are any(finite )points of the in-
terval, then relations {6.%) and (6.4), first of all,
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imply

(6.5}1 (x)dx = 11 dpe = de
( 5)nlmOO § b, (¥ )ax ! m Scx o lo dex {7 wler)

that 1=
. f
(6.6) Tim [ () - & ()] = § wiyidy .
{
Il‘%CO n IL e Lf)
gince d;n{'x) converges 1n L,-norm to d{x), there exisi:s:\a
gubzequercs ¢ such that lim d; (x) = d{x) for a%m%?a all
Ty ko Tk .
x. ILet ¥ be a value For which “~
AR
‘&
lim &, (7} = ${TIN
kSm O \\\Q
D
2>
Then, gince L%
..s\\.
. \) P
lim [d, |r5) - & ‘:I;Y'J = §7yix)ax,
k—o o ¥
%\‘QX‘
we have “3‘

p
Tim  §g™ Yy = by} + {x)dx
Hm\,\ l\ﬁ Syw
Theref'ore |, | wt‘w
AT ap) = () + §P pixiax
(\‘” v

for @\%J p s that is,

Q¥ gx) = 4'00)

as claimed.

Reparks: Theorem 62 1s the L,-aralogue of theorem 3(1).

We say that & functlon f£{x) is locally ghaolutely con

tlmuous, if it is absolutely continuous in every finite

X-interval.
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THEOREM 6. If f(x}€ L (E,), a(x) € LB ) and Tr = ¢

1
)

and Tg = g = -l blex), then p(x) is locally acsol 1utely con-

tinuous and

(6.7) glx}) = £ {x);
alzo,
o
(6.8) Flz) = - § aly)dy \
ps N
¢\
the integral existing conditionallvw. \:\ “
s W
Proolf': By Plancherel's theorem, ¢ € L, 'F]TL

“loc dl) € L,; hence {6.7) follows from thgé’re,m 62 ang for

NS

any a8,t we have \
Y ¢\\\.¢

(6.9) FIfx) = § atz)de.
BN

However, by Schwarz's irequalrtv“fﬂe have

&N

.‘:'v}’“ ] 5.—
£ -rx)1” &8 J2(2) 120z, § oz
R ¢ i

~\ < (y—x)j le(2)1® cz ;
& -
therefore, f‘(}():"is aniformly continuotus in (~m ,o0 ). But
if a u.nif‘ozml‘?‘ continuoua funetion f{x) belonps to L
(or Lp g:nér 1t tends to rero as x 200 . Now leutirng

:,-9@}{ (6.

~C '?I'?IPOIE:IH 6% is the L,-analogue of theorem 1s.

\D

Y we obtain (6.28).

A THEOREM 64, If r(x) € L(E), elx)e 1L, ,(E;) and
= $Te =y a0 1wl = (ci0)® bix), wners n is &
positive inmteger, then f bas n derivatiyes all belonzing

fo class L,. Hence (-1o) $(x), k = 0,... ¢ are all trans-

forms.
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[yl
w0

proof: Tf $l&)€ L, and (-io)"kx) € L, forn ) z ,
then {-ix}(x) € L,. Using this, we get the result by
applying Lheorems 62 and 63. Thisg 1s the L,-analogue of
tneorem 16.

THECREM 8b. If f(x) € L.(E,) and f(x) has n deriva-
biree ans =My € T(R)), then £ € 1B for O

A ¢
0< k& {mn. i\\\
preet:  If dloc) = TF and o) = T, put (™
,\\.’S
Sood) 3 { 2
(6.10) 5, (x) = (vle ’ & d:a,
! Im Soo RS
.\\
then by {%3.7) and (3.2) we have \\,
o W
(6.11) {x) = —j ‘f{X+u)H(t)dt
2u=.~*6~0
—- — 2 \ g
whare Tle © ] = H{x). .,"‘

‘v

(6.12) Dr'w Q\>: ndJ(Sr) K e_ly}(dy s
o "OO

the differsnt La‘bdron being Zustified by the unlform convers

By succaszive dlf‘fe\ieIﬁLatlon of {(6.10) we get

gence of tg’ré}derived integral in every finite x-imterval.
Since ;<\
o) p(K) 5y = o(1xI™), as xDwo, 0 (kD

./

\/’ =E.
and H{t} _ e_t ,“}4—, we can diffepen‘tiﬂ,‘te (6.11} as We'll;
and mgking use of the fact that H{t) is even, we obtain

(6.03) D (x) = = § £y Hy)ay
: Vvar Somo

z n L
Since £lT) ¢ L, and H(y} & L;, DY theorem 53, D8, (x) € Iy
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By (2.14) we have
oo 2 .
il 1 ¥ RS T
(6.14) DB {x)=— e (¥)e dy
I Vo EOO H}
The functions ».;,,:(}'Je_yr and (-iy)n d)(yje_y both belarg to

L1 (E1 ). Hence by the uniqueneas of Fourier transforms in
7

L1 and continuity of the transforms {in ¥), we corclidy

that A9

P .2
(1507 87 = piz)e
which Implies that

W) = 1T aly) L N

(&
and we now use theorem 6 and we @b‘k}'n theorem £3,
> VN

O
THECOREM £6. If f(x) 15 local¥y absclutely contimmovs
N

and f'{x} = glx) € Lp, E}leﬁn\“;‘*

e
™
3

g L) glx)
in L,-norm as hio",\}here

L)
7 N/

X T -
'\E.:}\w g (x) = A§X+hhl_l f{x)

QN ; h
N f -
O Plad)-f(x) | g{x) = }11- § lelx+y)-glx)iay
o

it follows that
f{x+h) - (x £ 4 b 2  h
(HERILE) {7 § leter)-gtx)! ay § ay -
o] o]

Therefore



§6. Derivatives and thelr transforms 131

@ 2
§ g, x)mel)! dx <

-

h o0 2
§ay § latxsy)-gix)] dy
O =}

h a
SO T, (y)dy

o=

=0{1), asg h—=0,

N\
becacss ‘CUQ(}I =0 as y—0, by theorem Sz. \’\
AN

THEOREM &67. If f'ix) € LE(E‘l) and if 1tas dif‘fgﬁénce -

nuatient 1H( x) converges in L -norm to & uncg g(x)
ag h—>d then f({x) is logally absolutely. Q&ﬂ}lﬁuous and

glx) its derivative almost everw;rbere,\\

Proof. Belng an L,-limit of L\?uﬂctlonq glx)e L,

‘\'

Let dix} and LiJ(Qf) be the Fourler Mpransformsof £ and g

,ss

rogpsetiveiys then it fo]lom \That

‘
N

,, 0
g (X)—-» 1m
000 tom oo §,

/

-ioch _
e—i.xoc & - 1 & (o Yaox

Belng L, —c:)n.rer'gant the family ;F\h(}{)! is also bounded in

L, -rorm; nonce\ioy Plancharel's theorem

> ® ixh
\Y - -
N % b doe <.
R
I\ﬂ roicular,
)
A -ich_, 2 2
| & LT (et ax KM
Y h

For fixed A, passing to the limit as h->0, we obtaln

A
T &l lble)! T dec (M
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indeverndertly of A. Now letting A=®m , we obtelr

00
§ «®lele)1? ax < m.
-0
Thus
(6.15) "l dle) € L,(-co,00 ).
N\
i 1 -norm, 2lao have A ¢
Since & (x)2a(x) n L,-norm, we alao & \\\
00 e Tixh_, @ $)
(6.16) Lim | | = ORI doc = \0."
h—= o0 oo ‘“\S
\/

But, for va»iazble B the integrand is magom\‘@
oZ i) )2y lW(”J’ which Delongq to L, ﬁtﬁﬁenco, we can le:t

h=>0 under the integrai 3ign in (4 \N and this gives

‘v'

®,

o]
§ )t d)(cr)‘my(oc)l o = 0

-0 R ‘\‘

Hence .3“
W (o) =<\L0< b (o)
alwogt e everywhere; B@refore, by theorem g3,

o
;\sl

A\«/

almost ever}z@g}} re .

g(x) = Frx})

R\
{\\; §7. Boundary values

o
Q‘We 8T% now going to trarseribe theorems 23 and 24 of
§15, Chr.I, from L, -into Lo-functions. The L, approach is
the eazler one, and 1g auch more familiar from the opeira-
tiomal view-point. Tt :g alzo the mere important avproach,

in as much as, with the present-day wethods, the L. pro-
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W
“H

cedure Lz availatle for differential equations and for
problems of even greater complexity. But 1t would be a
moot queozTicn Lo discuss whether It Is also intrinsically
the most ratural cne. In the task of Lranslating partlal
differentizl equationz Into precisely given operational
equations, somctimes the wathemstlclan influsnces the phy\~
giclagt, but sometimes 1s also irfluencsd by the obyﬂ«c\at‘u
preforence, and there 1 as yet mo firm guidance i;d*r\ de-

eidire whabt, in a glven case, would be mathemg{iqaﬂy the

mess ratural approach. \.»s\\'
® \}
let £{x) € L., Tt = dl«), anr"let\'J
80
fla,y) = == § <1>(D<J‘€>\im - dex
ver ~oo D
{7%) - S I'{?} \71__ e"(XdZJ-/LW dz

. -x
{x,¥) Tz obtainad fr»oi*]\“ (x) in (3.2) if we put K(x)=e
ard ¥ = : \\

7N
k 4 »
Pmr dieﬁ”,‘o‘t‘ fi{x,v]):

[y}

l

(7.1) Er‘rxé\t‘ry + > 0, f(x,7)€ L, as a function in x.

0{ N
Ir\ t, its trarsform ¢{y)e belongs to Ly, 1f
s.‘”e
cb{rxs),\:gk ca. ]
() Lim o(x,y) = £(x) in Ly-nom

KAl .

[Ir Tact, bl e T converges in Ly-morm to dlexd].

2
.o . af o7 f 1 to L.
(7.3} For every v > 0, Sk Ll exist and belong 2

dx

In fact, if £(x)€ L, and K(x) € Ty, 090
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o
5(x) = K(x-y)f(y)ay
-0

belongs to L,, by theorem 53.

(7-k) For every y > 0, there exists a funciion g’—tﬁ L

A,
such that 1
g (§ | SEAh)RGLY) D 2 4 0m o
h=0 = h ¥ N\
N
In fact, the transform of %Yi%tﬁ_(&x) is '.\"\\”3'
. « \J/
_ 2 _hMr_’_ "‘:‘g'
(7.4a) bloye ™ | B 21y O
L "4
Slnce \\\\;
_YO(Q e_h“2_1 \}—10(;3 o
tdloc)e™ ! <! AR
0

as h—>0, the transforms of (1( W@ are cor vergent in L2

norm towards the tranaf’orm .Qf“the function dioc)e :’m"—(—:x?},

namely z

o 2
1 ~iK “Tex 2
& bloc)e ™ (5" )ap
Ver 50:1 &\“;\
ich is the 11§era1 derivative Qﬂé‘.&l » for ¥ > o, and

this eqts.b]rshés (7.43.
2
(7.5) ia\gﬁeuery ¥ > o,-—é-—f < of
\‘./ ¥

2
Q ’
"::::x {by direct computation].
3 1
@ i
(7.6) (10,312 ax)® ¢ m= ey
—~00

THEOREM 68. For glven f{x)g L, any f{x,y) with pro-

perties (7.1) - {7.6) BISt be the function gziven by the
formala (7%).
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Proof: Since £{x,y) € L, as a function in x, by

(7.1}, it has a transform &{o,y) € L,. Because of (7.2),

b{x,y)> dl) in L, norm

ag ¥ —0. BSince, by (7.3), : EE LQ, we have
X

_oa2 2 7
T 8L ) - (i) blo) O
ox A o
S
AN
by theorem 61. Furthermore X \':}

l“:"’
£OLTsh) P | - ¢(oc,v+h}-d:(o<é§¥}\, '
h Y

S

N\
and therefore by Plancherel's theoz:etp\\a:nd {7.4), there
W

exlsts tl@;%_(-lx)ELn such that NS
E@;«,X) o2 b
AN Loy )
R
However S
o of
e 2\10. 2 E)?

N\ .
by (7.5), and hiehce we obtain

NS/
[

b = bf F0°L) o (-100)? .
._?%1) = T & ] = T[bxg = (-ix)© d(ex,¥)
’§../
The{*egfbr‘e .
x Y

<>f> b(oc,y) = Alex) e ,

except on an o -mull set common to all y. We know that

blox,7) = dix) in L, -noTm

2 —
83 7->0, But Alx)e ™ ¥ sonverges to Afx) in L, norm as

¥-20. Hence,
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blo) = Alox)
for almost alloc . That 1g

2.
bloc,7) = dlac)e™ ¥ |

However, the function giver by (7%) has the same trans-
form, namely dloc)e™ ¥, Hence f(x,y) iz squai :o (7%},

Instesd of K(x) = a % » We can consider K{x) = :V XF.

Accordingly, let f(x)¢ L, TF = $(x) and \I\

£(x,3) S blx)e 1XX '5’°‘r*»§9<§

\\
jea]
(7%%) _ - f_9-_. £(z) ‘QL_ e
* ~oo {’3\3 z)®
\S)
Tt 17 not hamd to verify the following

)
Properties of r rlx,y): N

(7.1} flx,y) ¢ L, as a‘fnnctlon in x.

hl*

(7.2} f{x,y)ef(x}‘m Ly-norm as y=> 4o

\l
af &
ox *

(7.3} @@.) exist and belong to L,

bfo\sl 52!‘1
(7-1*}'\@{' and gs:— eXist in the ssme marmer as in (7.4)

\ 2
D O°F _ b Lbp
QY 552 oy (§y)

<>“ N/

2
(7-5)" For every y > o,_ b1 _ &%
2

(7.6) (Smrf(x 2 4212
S SIHT dx)° (W = IESIIA
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THEOREM 69. For given f(x)€ L, any function f{x,y)
with propertiss (7.1)'-(7.6)' must be the function given
by (7**].

Preof s Let TIf(x,¥)] = d(e,y) ¢ L,. By (7.3)' amd

theorem €1,

AR £
T ii—g 1= o $loc,y) . \\
diree @-[f{x,v;h)—f(x,ﬂl _ rb(w,*\rﬁh)-dp(mJ, am%gg’me of

| o
{7.49)", there exlsts b—(béuk L, such that &I:\
¥ 2 \:\
W
bdg{oc,g) - :f{ .t_’i i *’\}J

Y K

and ‘w‘v}
(_: L
LRICH SR A
=) . =R
oyt QN o
N

A

Becauzs of (7.5) ',{it “follow.s that

oy
’\\—ﬂg%i} = o” bioc,y)
¥

50 that P\

7, >y xy
(7.7} NV dloc,7) = Ao )e ¥+ Blee

4

which ®eénverges in L,-norm towards Alx)+ Blx), ag ¥->0.
A

@é’

(7.2) blx) = Alec) + Bloe)

almost everywhere. Solving (7.7) and (7.8) for Aflee) and

getting v = 1, we obtain,

_ =
Alx) = Bloa1) - bl
2
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Hence in the Interval 0 ( a { < b, Alx) € LE. There-

forge from (7.7) we obtaln

b b .
§ 1B ax ¢ § 1o(o,1)e Y2 ax
=% a

b .
+ Eafﬂtoc)e pory |2 A
e —_n '{L\.‘
{Me™, §e28Y o\
« \J
Letting vSo00, we see that Blx) = 0 almost W\E“}wr----rc- for

x > 0; similarly Alx) = 0 almost ever)w\vk@ & for o < 0.
Becauas of (7.8), it follows that \
L9

b(e,7) = dlex)e ij.dwr

N/
0s

which is the same sg the trangform of the funetion given
by formula (7#*). Thys anff(x ¥} with propsrties (7.1)!
- (7.6 must be equa‘f\\tso(?**)
&\,
&i@le t¥pe of bounded. transfoimation
‘!J(Ocq\agla bou.ndea measurable function in

- < 0(\‘};0', and

(8 N\

) 4

then for every Fixeqd P21, for dle) ¢ Lp(-oo »00 ), the

W) {{ M, ae {-co,cm)

function
Wiee) = Wine) dix)

belongs again to I_p(-oo,ooJ, since
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L
(§ 1ptoad 1P doc)® ¢ M 5 fé(oc) [P do:)p
00

Thus,

(E.2) T oo} = Wix) bioxc)

iz & bourded linear transformation from Lp(—oo,oo) into

itself, and O

{(8.3) Il <M \\\
o

Obviously, we may pubt for M the smallest numbemqompatlble

with (8.1), and since the elements of Lp are,\qétermmed

\
oniy up te a set of measure rero, ws ha "\
f&
(5.0} [T!p { ess. u.b, fW(c-c‘)jl\Q M,
Actualiy v {(&.h) we have the s,}gn of equality. In fact,

AN

A
NS

for amy & > 0, there exmte.@ qet At of poszitive, finite
N\

measurs, for which ~

’\
}M -t., o€ AL

g\& £

Howr,define

‘w\w
A)\./
N 1, X €A,
OV b, (o} = |
"4 £
\§ fo, «¢g AE
A\
T@Qif Tt(aj = Td_(x), we have

1 T

(51T, (o) 1P as)P = (5, (e P as)P
o Tt 3

> (M -t) SAEdrx= U

We will now rvestrict ourselves to the case p = In this
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cage, any operation of the form (8.2) will be callsd a

transformation of zimple type. Such transformations sa-

tlsfy the following

THEOREM 70. If yi(x)} =T dix) is of simple %ypc, then

whenever the element ${cx) vanishes over & measurable Zet A,

its transform y(e) alse vanishes thore. Conversely, 1£

<

for a bounded linear transformeiion wlee) = T dlo), tne

i X S 1 4 ; ' "}"I:“'_I!
vanishing of ar elemsnt ¢{x)} outside & bounded 11“_?33 iz

(a,b) implies the vanishing of T ¢l ) outside h-%li ‘nter-

val, then the transformation is of slmple tﬂ,}p

Froof': fThe first part of the L,heorem 98 quite ob-~

vious. MNow, for the proof of the co;&reme introduce the

functions
[, a~(’o< { b
(ba b(l'x:] =
’ { 03:, 6utside [a,b]
and put <\

+8J
k'"ab(o(:;\\"\T d}.'ﬂ.b(“) *

Then for a, C :—34}/(' b, { b,a » We have
8.5y Lo, , ) - = - (
\§ REL Kbaabz o] Va0, &) Ve, b, e

7
é

™

7

10
51

3
\’

N,

1z linear ard since
dJ (o) - b o)
a_Eb2 EL.lb.I {

varishes in a, ot b1, the right side of (8.5) also va-
nishes there by hypothesis, Hanee there exlsty a function

W) In -oo < ox ¢ o such that for any a, <« < b, we have

1 x
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{ W(D(}, S.T ( o < s}
LJJJa ol (o) = | 1
T 0 , outside la ,b ),
Furtherincre,
2 a, o b 5
Em o b, (0 ¥a u (] o= §, " 1Wo)] doc s § % Wiec)!
_OO' 2e 11 0 ! .
ard 5
@ !¢agb2(w)—¢a1.b1 ©) dx = (a;-8,) + (b,-
o {}\

N\
Thus by the bourdednezz of T we have “\‘,\/
“"
S |'-'{o«)f dov + 5 et doc <M ey gl (B, 01
O
Fatcing 8, = a,, we obtaln \‘?}
1 2: \%
—— .7 1w N
Yo M1 My N
«:\ N
Yeros “}t“"“
<M
almoss "-)R-'C—,‘I’}"'-"."be?%(j}ThUS, for a specilal function ¢, (o),
we chtain ?”,
Do) = ) dgple)s 1] L
&

How, a&““’?? furction d(x) is a firise linsar combination

of \B™ict oms d: . Hence we have Tor step functlons

&.8) T dloc) = Wine)pix)
with
(8.7) lwifoc )t < M.

Yow, both sides of {8.6) cap be formes For arbiirary ele-

ments of L,{-co,00), and 1t follows easily, from L, ~appro”
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ximation by step-functlons, that (8.6) holdas alwaysz as
clalmed,

Addepdum to thecorem 70+ In the converse part of

theorem 70 it suffices to make the hypothesis only for
intervals of the form (-A { & < A). Pursuing the reason-

ing, we obtain

N
—A1 2 A2 2 A o
§ ol co+ § Bl doc < M G DAY
A, A = ."\\ v
2 1 O
From this follows “\ 3
LV
o \\::
_P& lW(oc dx (2N
‘X:\ w

hence the conclusion ]W(oc)| { am, w,i“@) the facteor 2z, at
first; but ones the conclusicn @aé"'&een reached, the hound

can be reduced to M itselr. AN

'\ .
§9. Bounded tr-anqxez’matlons commitative with translations

Before we prom\}d further, we cbserve that if T ig a

bounded linesyp gtgaﬁsformatmn on L (-0, ® ) which carries
f into g: :'\"
i"\.{' x
&“' Tr(x) = g{x)
there, QBI‘TBQPOMQ & bounded linear transformation T which
c\l\:‘leu the Fourier transform of f into the Fourier trans-
form of G
[
Télo) = yiex)

and comnversely.

This Tollows from the fact that the Fourier trans-
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formablon in L2 1g lsowetrlc. We have only fo define
g{x) = Tf{x) = l.i.m. L ~locx
o @?& e T {oc Ydox

go that

I el < Ml &if= M £ .
N
THECREM 71. If f{x)€ L,, g(x)€ L, and ¢(0<J,~K(oc)

are the Fourier transforms of f and g respectwgl}\ and if

Vo w

R, IL(x)] = G<~+h1

i

1
¥

which we may call tranqlatidﬁ by h), then

s"
NS

TXRh[f',(X}“l = R F(x)] -

\

,28) x
In othzr words, g@}_ﬁ a transformatlon T 1s commutative

N
with transiatlons.

N4
PI"OQ'R{J
{'\iz A
BTG = 1ot =g e (@)
™ ASm VETEA
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We shall next establish the converse of thearem 71,

THECREM 72. If * iz a bounded linear E_ra_ns_f-:-z‘matjgg

such that Tx[f(x+h)1 = g(x+h) then there
Wloc), IW{ec)! {.M such that

SXL:

uf‘

sts a functiopn

W) = T 6 = Wo)blx).

N\

Proof: The hypothesis ifmplies that ,f\“ ’

o
o s _ \7
T lo(x)e ™M) w o™ oy o gmioh 2 4 (o)
~\\ ’
Since T 15 limear, it follows that v
\Q\
T l86) P )] ~ (o) T be)
'\V
where P [rx} lg an exponential pol;ynomia]

Next, if Ple) is & bounde'e’ berm ie furction, then
there exists & sequencs of:geg(fhonentlal polynomials P_fx )
such that 4 .

A0
(2.1) \

,\Qxﬁn(o() - Plo)] < ¢
OX‘ .
independently Qf\)‘a{ and n,
2K

a.113
(9.2) Drin 17 - Ploc)| =
QO e

for a\,m?)st alle,

@hia kinad

Sinze dloc) € 1,

For Irstance, the Feler polynomlals are

5s 1t fellows that

Paloodd ) Plxiha)

in L2 “norm. Hence
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TIP (oYl )] - TIP{x }bloc))]

However, by the same argument,
P (x).Thiex) > Ploc). Thle) .

Bence
T[Plor Mbloc }) = Plox JTh(ex ). N\
Noxt let ua conslder a function Qfer) such that L\«
O
o) <M, & € (8,b); AR

R
©

Qx) =0, & § (a,b)

Congtruct the functlons ,\}J
o:{'
)
%60 = | 96, 2 ©Ts )
.E G ,\::'é(‘“'E (_ana})
L Vorece (0,1,

and Q (&) repeate 18gelf perlodically with period 2w .
Then the sequenée'\'\kf(ﬁ;l{a)f =atiafies conditions analogous
N\

to (9.1) ands(9lz), and in an analogous way Lt follows
AN
that x'\;\}
'S
’§../

%

0, (x)blx) > Qlx)blex)

3

Q‘S-?E\:ﬁg—rmrm, ard hence
TQx )bl )] = Qo) Thlex) -

Suppese dloe) + 0 on a bounded set 5 , and Q) is the

characteristic function of 8. et 3'(= E1—5) denote the

complement of S. Then, fore € S', we ses that Tlblec) = ©
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aince ${x) = 0 In 3' .
Next, take an arbitrary set 3, and a sequence of

bounded sets isni guch that

0C8 TS, ..o €8, 8.

Tet $lx) £ 0 on 3. Construct the Munctions A
b)) » o € 3 LS.y
) = | o O °
T ? 0 s o ¢ S Y . ',‘ w4
“\ \

Since the function d> {cr) vanishes on 8! whj\ch iz the com-
plement of a bounded set, it follows that T{¢ )] = 0,

x € 8 , and a fortiori for o € 8'¢ :\since by, (o) >0 (o)
in L -norm, 1t follows that T[d) (‘o( ',I—%I‘[cb{o:ﬂ and hence
Tld{x)] = 0 foro € S'. Thus, ﬂr{rx) =0 in 8' implies
Tléd{x}] = 0 in S'. By amapphcatmn of theorem 70 the

result follows:

A\
N\
THEOREM 73. \§%~ﬁ$ is a pounded linear operator i
L,(-o0,00} so that

N

s
o (%)
N

o~
and TX%;LJ}}(X) = Rh-Tx[f(X)']; then whenever f(x) has a de-

g(x) ,

I

~N\J T Df(x) = D.T°P(x).

\:
4

riva:t.“ e Df{x)E Le’ ™ (7] elso has a derivative, and
”\‘1 and

Proof': By hypothealg

Tx[f(X+h)-f(X)] _ 2{x+h)-gl{x)
h h

By thaorem 66,
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f!x+£!-f{x) S Dr(x)

in Lg—nor-m; hecause of continuity,

I (};+hh)—g{XJ = TXDF(x)]

" :p L,-norm. By theorem 66, it follows that
N
T [DF (x)] R
O\
1= the derivative of g{x} almost everywhere. .~:\\""'

D
THEOREM TL. If T* is a bounded linear operator on

g(x), and if &V

O
pIT* f(l(o;.;}\\\

whenever the two derivatives e:{isb Xhen
C

1
A

TXRh[f(x).]t:; By - TX £{x)]

N
Proot: RN

Le(—m ,0 )} gueh that Txf‘(}c)

il

T [Df(x)]

Let &, '\pw{é: the Fourler trensforms of f and g

P 4 3
respectively; tl;eh\‘iﬂi“fb =y . Conaider a function defined

by A\, ) A .
{2 -IxX
AL} = . § dox
:;\\'w VBT 'A

for a f'Qs e A ; differentiating n times, we have
O () ixy = ——S (-10)" dlx e T
Vor =A

1 e )] = (P ix), then

(n) -ioc)nq)(oc)e_hx dox

1
- (
g =

where ¢ 1is the Fourler transform of g. Sinee T is
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bounded

[0 8]
§ ol 2t 2 ax (M S 1) P1) 0 ax

=00 —00
let &} = 0 cutside (-A,A); then

foc | Z g 1*™ dox < M§ {dloc) 1 2 locl 22 g
S o[ gl x < SA ol e

S A

{C Agn ; }

O
75

\/
from this it follows thet i) is essentlal,la‘ zebo out-
w3
side (-A,A). Hence, applying addendum to\‘&heoren" 7O, we
infer that T ,. and so T*, is of simnle\\t}pe Uging

theorem 7' now we obtain the requireﬁ result.

§10. Closure’ﬁf translatlon'z

Take & functlon f‘(x)‘& o with Fourler transform
dlec; and denote by Sd)\a measurable set in E, such that,
except for null.setz@} $ix) + 0 in 8y and é(x) = 0 in
E‘f -Slb' If s\\

i
(10.1) \i}}(x)=cf(x+’c ...+cf(X+t )
f

is an\\rbltrary, finite, lipear comblmation which doesz not

”Qra\?.”inh ldentically, then its Fourier transform is
N/ -t -t
i) =(eje  Taiivce ) die)

arid

since the exponential factor has discrete rercs at most.
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Kow form the L, closure of all linear combinations (10.1)
denoting the family by H(f). Obviously, for f € H(f) we
have de* C Sd> . But the comverse is nlso true. Thus we
have the following '

THEOREM (».F a{x}€ L,(E ) 20d Tg =ylx), and if

(10.2) 3 C85 i
¥ ¢ N
ther g € H{F). O
e
Proot': Xor any g € L,, there exlsts an element\£“in
« \/
E(f) such that for go - g—fo we have ,\\.’;
\\\o

o o] *
{10.3) L g (xyax=o AL
—O

* =“’§,’f o o]
for 811 7 € H{T). How, for the trargﬁo 1 of g we
agair havo (1c.2). We apply (10.5‘]:I’;or the special fune-

tion I (x) = “(x+t), t being s,p;’gr;"fixed number. By convo-

‘N

lutlon (19.:5) amounte to &N

Ny

gmwaé\)ﬁa)ei“t d = 0 .
5l

o
i

Now " (o )Elo ) 2 k00,00 ); hence By theorem 5,
P,
R WOl )BT} = 0

X o 0 -
&lm-as’qvé;}er';mhe.%e. Since it is known that v fx) = 0 In

{10,4)

NS

O ‘ ( |
E‘< 'xd (10.%} implles Lyo(o() « 0 almost everywhers and thus
"4

a
2%(x) = 0 almost everywhere. Hencs g(x) = Y (x) where
°{x) € H(F) , as claimsd. In particular, we have

THECREM 76. If f(x)€ L, and TIf] = bix) * O almost

; - re
everywhere, then every g € L, belongs to the L,-closure

of (10.173.
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CHAPTER V.

GENERAT, TRANSFORMS TN Lp A\

§1. Qeneral unitary transformations in L (0, )\ /

In the previous chapter we have seen t‘lat tnF’Fou
transform represzents s unitary transformatlon‘\n L,,\E );
this representatisn was cbtained in Planchevel‘s ihecrem,
It 1g our object now to consider theozn}qﬁ\t general unitary
tranaformations in Le(o,co Y. I f(zc;)‘\e LE(O,ooJ and T is
a unitary transformation in LE{"o&:dﬁ;) go that T = g, we

ghall show that T can be repz%‘s“ented in the form

‘s
~

8 o0
§ elx)ax = ‘& k(& 7)0(y)ay ,
O /N
X;:X\}

and its inverse,;ﬂ‘ . can be represented ag

ag w__

SEdx )dx = S Ha,yelyidy ,

)
where K\\ld L are well defined, and will be characterzed
c'ﬂhely.

\/ Suppose T iz a given unitary transformstion in L,

(0,m ) and Tf(x) = g(y); then, plainly, 7 '{g(y)] = F(x).
Deflne, for every fixed g > 0,

{1, ody<a,

g.(y) =
& §0,y2a.
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Then ga(y) € Le(o,oo). Define,

kia,x) = T [g, (7)1,
the inverse exlsting because T is unitary. Then,

Tlk(a,x)] = &, (¥)

end R\
Py, (v) * tEx Oy
{1.1) glyle (yldy = k(a,X)f(x)ax, ¢\
SO 9, J SO E] ( ] '\ o
« \/
since T preserves irmer products; therefors 3»(,;:\"3
a Q)
(1.2) { g(y)dy = 5 i{a,x) f(x]dx\\\\/
Q O ¢ \,
4%
Now, define *\':}
WV
1({a,y}) = T[ga(x‘}i +
‘\‘

then in a #imllar fashionmﬁﬁe obtain

(1.3) g £(x { { 1(b,y)g(y)dy ‘

‘

Also, from (Z}we obtain,

L)
N\

o/ .
\Z\E X)gb{X)dx = [ k(a,x) k{b,x)dx ,
{\ o

a{i\ﬁ&ﬁce

) 2

(1.4) S ki{a,x) k(b,x)dx = min (a,b) ,

and similarly

(1.5) S 1(a,y) I(0,y7 dy = min (a,b).
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In general,

03 —
§ £,f, dx = § Tf, . Tf, dy ,
’ o]

and echooging f1 = gb(xj, fe = k{a,x), we have, Tf1= L{h,x)
arvl ‘I‘fg = ga(xJ and therefore

b a N\
(1.6) § kla,x)x = [ Ub,x)x .
0 o )
'\
Thus we are led to the following \ ™
"
THEOREM 77. To each unitary tr‘ansform}mn T in

-~
L,(0,cc), there correspond two functiona\l%{a,xj, 1(a,x)
belonging to the class L,{0,00) foI:zgo‘a,éh 8, 0 {a< oo,
guch that {(1.2) - (1.6) hold; the.”gxnctions k{a,x),i{a,x)
80 determined are unicue (ne g}:octlng null gets).

Proof: It remains fou’f uq to prove only the unique-
ness of k and |, becauge™ the other propsrties have aiready
been obtained. Fory g‘iver& T, take any cther funeticn ?(;,

which satisfies \\)) - {1.6}). Then, from {(1.2), we will

have .~‘~'
a P\ fo's)
Sov(y)dy’ So kla,x)f(x)dx = § Ela,x)o(x)ax
O 7o
RO
o 1
( o
"’ S [kla,x} - Kla,z)]f(x)dx = o
)

for every f; in particular, 1f f = k(a,x) - ¥(a,x), we

cbtain:
Mela,x) - Bla,x)|| =

for each a; hence k(a,x) = E(a,x) for almost 811 x, and
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ginliarly for 1.

Wo shall now prove a result which 1z, in a sense,

the corwerse of theorem 77.

THAOREM 78. Given the functions {or kermnels) ¥la,x),

1(a,x) belenging to L,(0,00) for each a > 0, and sabis-

fying (1.0}, (1.35) and (1.8), then (1.2} and {1.3) degé_\r_]e
3 . '\"”
& mnitary lransformstlon f-3g in L,(0,00) ard its ilﬁ\efse

regpectivcely. v~
. 22
Preof': We shall define the ocperators U\a!ﬂ V for
the functiom cr__a(x} as follows: \\\ '
) '\
{9
Ugg (x) = kia,y) O
Ve, (x) = T{amRn

s
On account of hypothesis t.4), U and V preserve inner
7N

products, a0 that 7 S\

&

(1.7) Be,, Vg = (g8
and ' \%
. :;le
(r.8) \\i“w (Ve » Va,) = (8.8,
'\
F
wtzh\ e,
\
€y (8, Uz,) = (Vgy, 8y) -

(1.7} shows that on the gpace of functions of the form
&(¥), vhe overator U is lsometric, and so iz V by (1.8).

I we now def'ine

gab(yj = gb('y}— ga(S’J 2
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then, any step-function g may be written as
g=2_¢c, ganbn(y) => dg . say.

By the linsarity of the definlte integrals, It iz easlly

seen that in relations {1.7) to {1.%) we may replace f'i"{st
8g and then gy by arbltrary step-functions, and it follows
'\
therefore that the operatora U and V arse 1uomeur'{&\o ver
e

the clazgs of step-functicra which are denze i{”B?. We can
therefore extend the operator to the whole (Qi"'“L il Lhe

o

extended operator is U, then U is also sometrlc Hernce

w3

D>
(1.10) (T, Gy = (£, 8) 10O
‘%‘f":g& L (O QO) -
(1.11) (¥, V2) = (f, g\

™S
."‘

Again, if g 1s a step-fuftion, and {e,l—>g in L,-norm,

and f i3 a fixed steg{f’unction, then

) '
~LV g.)={f, Ug ), by (1.9},
\,’
and 1ettin%\mf>oo, we obltalin
N\ :

{Vf;g} = (f: Ug}.

\ “6an gimilarly replace the step functlop f by ar arbl-
4

trary function r € LQ(O,OD) and finally obtain
(1.12) (Vt,g) = (r, Ug) , f,g€ L,(0,00).

To show that U and V are inverses of each other, let ¢

and ¢ be arbltrary functions in L.{0,m ); then by (1.12);
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(b, TT) ) = (¥, Ty)
= (b, ) by (1.n1).

For a flxed Y it follows that

b,y-T (Ty))=o O
<

for gvery ¢. Hence y = T(V y) almost everywhere. fhat
ls, for any y , there exists an element “L v PG s’uch that
Y= U X. In other words, U has an imrerse. \ﬁlmilarly v
has an inverse, and sinceT V = 1 it follows that Tand ¥
are Invefses of each other; taken in Qc;n.]:mction with
(1a0)) - (1.12), it follows ths.t U' 13 a unitary transfon-
matlon. That this unitary tramfbrmatlon can be repre-
sented asz in (1.2) and (‘I 3*). follows ag before (see
Theorem 777). m\
Remarks; Supnosc tth\S(’(a x) has a partisl derivative
k (a,x) = S" [k(a,};}]] in the following senge: there exists

k. {a,x) cont*‘g\ug'us ino<¢{a o and 0 {x {® guch that

A&
% k{a,x) = S k, {oc,x )de .
3 Q
T}\n f1 can also be read as
i
(1.13) (y) = 1.iam. § k (3,%)f(x)dx.
: & n—w So !
FGI‘) get
; _f(x)’ Q < X < n.,
f -
e S
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Then £ —f in L,-norm; and 1f we defipe
@
g (y) = [ k {¥,x), (x)dx
a

then

=) . (s e)
SO g vy = SO k(a,x)f (x)ex . .

Hence ' \

BA(Y) = T6,(x) \

where T is continucus; therfore TF —%T{‘\ 'L -morm; in
other words, gr_—>g = Pf, from which 1\\@ ) follows.
L ?\ )
\ ’“\\ g

82. Watson tivanf«* arms

Assume that there expt{furcthnh ki{x}, 1{x} defired

everywhere tn 0 { x ¢ OQ@ such that

(2.1) k(a, x)~&—§) 1(a,x)=]—-Xf~a~x—) ;

then (1.6} Ieajiy

\ \./

(2.2) \:\“ g K_(_ld
,§>./

anc,’g@erefore 1{x) = k{X)essentially, and (1.4) ans (1.5)

Gg\uce Lo the zingle relation

(2_3) S _Liai)%_@l dx =
pe

= min (s,b}
o .

ab
j __(__llxX dx ,
o

Conversely, starting with a furction k{x) in ¢ ( x { @,
we define k(a,x) and 1(a,x) by (2.1), then (2.3) iepliss

(1.5},(1.5) arg {1.6)., Hence we have
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o s ELX
THEOREM 79. [Given _xt_) € L,(0,00) and such that

SCO (o (B} 4o
£ =
o ¥

min (a,b) ,

there exlstz a transformation T in L {0,00) whiech ia

unitagy ani if Tf = g, then

N
a 00— A o
(2.4) fexax = § L—{i,—a-“l) fy ¥y \
. o ¥ - o\
a 0 i "‘}K‘"
(2,5) § f(x)ax = § ﬁ?—rw g(yldy . ,"I“} ’
IS 0 v

"4

This trarzformztion is called a Wataon\{}\ansform

We will row rewrite the Watqon ‘\zﬂénsform from (0,00)

h. 3 y'
Into {(-oa,m0 ). If we sei: « \7
™
“\‘

x=e%, 7=t FY) = fge?féY/Q, (Y) = gleD)e?/?

K(Y) = ‘(ze{)\ ~ loga, B=logh,

then we car Lewr’y\q the conditions of theorewm 79 ag follows:

\sl

A

(2.6) e_A/?\g“ G(Y)e /2ay = | K(T4B) F(y)d¥
(Y - ~00
S, - -
[: ' ™ _1&:/2’ - Y/E _ YAy
2.7).0% § omYet fay = [ K(Y+A)GHY)d
\ ~e0 —C0
\»/
4 A+B . 4 B
e ? §  K(Y+A)K{T+B)dY = min (e7, )
~o0
A-B AB
5 &tz
or, 5 K{Y+A )K(Y+B)AY = win (e = , )
(x_‘.



158 V. GENERAL TRANSFORMS TN 1,(0,c )

(2.9) ip)? ay - 5 IG(¥) 1% ay
—C0
w
(2.10) {IKMIP oY (o
~00
We shall now reformulate theorem 79 as follows: A\

THECREM 79'. Any Watson transform 1s isomor-ph{c:
{

to the following transformation: take any funofion

K(Y) € L,(-® ,0 ) with the property (2.8) which auto-

metically implies (2.10)% then correspondifie to each

F(Y) € L,(-co,00) there exigts a uni'ciu;e C;:(Y) € L,{-c0,00)
such that (2.3), (2.4) and (2.6) held.
RBemarks: On the other hard, it Ls ’t;uch easler to sgee that
if we are given g functiontl.{;(’.Y’") € L, such that {(2.6),{(2.7)
and (2.9) hold, then (2.8) must necessarily be satisfied.
This follows from tlle{j“rem 77 with 1ittle difficulty.
Hence we can phrsgq}"éheorem 75" in a slightly more compre-
hensive form: )

TI{EO \ . If K(Y) e L {-00,00 ), then in order
that (f\é‘) (2.7) and (2.9) may hold, it 1s necessary and

sufficien that
O 00 - éﬁr

V § KWK TExy=e 2
e sl

for all vgluss of A and B in (0,00).

Slnce F, G, K belong to L,(-00,00}, by Plancherel's

theorem we have their Fourier transforms ¢, y,R& L,(- )

auch that
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00 i
{2.11) FY) ~ 2= e R TORL I
00
(2.12) GY) ~ 3= {0 e o) ax
=00
o0
{(2.13) K{Y) =~ % § e Y Rio)dex
—-00 o\
O
Also by (2.9}, (2.11) and (2.12), we have :\\
\\../’
oG w £’
(2.14) § 1601 dx = § lyte)|Paen
- =00 \\/
N
AN
and from (2.8) we have /,},\,
o A -ER
ples] ,’\\‘.
‘:\‘
or, a3 ()
oo oo -
¢ 1R(o<}|f\‘e>‘""‘3 d = e
O
)
Hence g\\
{2.15) "R 12 = .
= S 2
3, ot
Q2

‘5/
(\
§‘~\Y&mctlona1 sguation assoglated with Webs

O
</ Let us now consider the left side of eguation (2.7)

with x in place of A:

on trapnaforms

(3.1) H(x) = e_f{/z SX F(y)eﬁ’r/2 a4y, ~0d x { @-
00

The integral in (3.1) exists in the ordinary sense pecause
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. & vjo. 2 s 2 Xy
(.0 § IRyt ay (O WFMT Ay L e dy K .
-00 =00 =00
We wish to amalyze H{x) directly so that we may appiy
Plancherel's thsorem and obtairn its Fourder transform.
Conglder first the special case when F(y) is ;3;.{—
tinucus fora {( ¥ { band F(y) = 0 for y { a aIﬂ\v\> b.

It this caze, H{x) = 0 for x { g, whils “:\ ”
[ x ) '\"’: ’
i e x/2 ¢ F(j)r]le:)/2 ay L L {AY x
i Sa ’Ké}
H(x) = 3{ X /
! - b ' \
| e x/2 { F(y)ey/??\f»y , X >b,
(3.2) f 2\
and =i ’V
nd since “;\
H(x) = O‘L‘G‘\’; Y, as x>0,
‘2:;“
we seg that P
)
',Cs Hix) € L( -00,00 )
¢ \ 4

W\

Difxerertlap‘% (2.1}, which is edmissible, we get

N \./

~0 Hi(x) + 5 H(x) = F(x)

,§~/
ap‘q\nr‘oﬂ Fand H telong to L (~w,co0), it follows that

S

QP
H'(x}e L(-m,m]).

Hence, using theorem 61, we obtain
(3.3) Alx) (F -~ 1) = dlec)

where Afx) is the Fourier transform of H(x). Therefore,
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1

[a 8]
HHE = (§ A6 ® du )®
“~ {0

I

1
0 2 —
(S JM_I_L_._ dox )2

1 . 2
“ooly - ix!

1
0 o -2—
<el§ b)) ax ¥ =2 F .
-0
N
The tranaformation of F into H by the relation (3.2) 1L
N\
thus & bounded linear transformation on the szet of.ébn—
timmous functions each vanlshing outside an 1nter;§7al this
set 1z denge in LE hence the transformatioh\r}aq an ab-

atract extenslon to the whole of L2. T:h\ieis, for every
4 {’

Fe L, (-co,m ) we have O
_ —X/” Xo: /2
(3.%)  H(x) = Lim e/ (JF (y)e¥/® ay, HE L, ,
n—=co 00

“~

where F (y) 1s a sequenge’ of comtimmous functions vanish-
ing outside an intei{é@\and converging towards F(y) in
L,-norm. A

How put A }J

N/

PP\ _ x
.:>{. Hn(xJ = e xf2 5 Fn(y)eyle ay ;

N\ 00
‘\\
dhe"‘tﬁ‘ relation (3.1)', for sach x, Hn(X}QHO{X) where
I‘\ “/
/ _ X
(3.5 Hix)=e x/2 § F‘{y)ewz dy .

-0
Thus the sequence M (x)] cornverges in norm towards H(x)
arfd point-wizse towards H {x}., Hence H(x)} = HD(X) and

thus (3.4) is ldentical with (3.1).
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Collecting the results, we have

s8] N
1 i
(3.6) H(X) = — §{ Alx)e de ,
Ver oo
where
(5.7) Ay = o
- - lox
2 .
and N
-X/2 X v/ @ A
{3.8) g § F(3e¥% ay = H(X) = § K{y+00G )y
-00 e AN
« \J
wlth the same notation ss in §2. \:\3

Using (3.6} and (3.7) in (3.8}, aN{éﬁ%lyin&f Par~
\ 7/
geval's formula ((2.,14),Chr.IV), we&\%‘e

o . [88]
5 o1 M_dm=5 e_?‘as,of\R(o:')\p(—R)dD‘ .

&

How, Q_L.)_1 2. - and R(m}q;("‘p:.;}aﬁ'long to L,{~00,00), since
- - i N :
2 N

$

they are productes of‘.«functions belongling to Lg. Hence, by

&\
the unigueneas qti'\i“qumer transforms in L1 ., we deduce that
N\

e N/ '| o .
QY = ) Rioc) w ()
::;" Ver ;— ~ i ¥
2

for a,\Qsoét allo . In other worda,

A\
{?}9) blec) = Tlox) g ()
here

Tex) = V2T Rlx) (3 - 1 ).

Similarly from the relstion {2.3):

L

Xz (P P
R E TN L dy = § K(7+X)F(y)dy
00 —0 .
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we obtaln:
k] D( e
._J..._._. = R — -
= ;L_J___ . (0)b (00,
o1t
(3.10) wiox) = To )b(-x ) .

Hence, from (3.9) and (3.10), we deduce that

dlx) = Tlo) « TR} » A -

or,
(3.11) (Tlec}[Z =1 . N
e
Thua we are led to the following N\~
THEOREM £0. To every unitary trag?f‘omtion in

I_ (0,0 ) representable by the Watsogytramfom there

corresponds a unitary transformat:ion b W of the form:

(5.12) vl s,Qa)= T )daf—ocJ

for dloc), (&) € \;g(—oo,oo} with the condition,

(3.1%) A IT{0<)12=

arg the\@w cornel K(x) is real-velued if and
111 1}‘

\’\“' Plec) = T(-x) -
4
Conversely, every t ransformation (3.12) derives from

a certalin Watson transform 1n the manner described.
Proof: The first part of the theorem W&s obtained 1n
(3.9), (5.10) and (3.11 y. To prdve the converse, We pro-

ceed as follows: giVEIl T{“} with 'pI‘OpeI’ty (5-13); con-
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sider two functions ¢}, wlee) € L,{-00,00), and let their
transforms be F and ¢ respectively. Since |T(x}[° = 1, it

follows that

EMO(} & LE(—CI),OO}.
Ver (5~ fu )
Therefcre, there exiszts a function K{y), =ay, In L,a(—oo‘gspj
guch that - ) \\\
1 —1yex o o\, Iy
Kly) = 1.1.m. == & ——(—LW- dox .
7 by Ver (L -
o
By Parseval's relation, we have therefare v

W
@ _ L -1¥ g}}‘} (
(314} § K(y+X)G{y)y = § e ) Y { o )dox
—00 =00 '}4'2(&*(5 - I}

) 3

Setting _ o
e et/ ‘:e~< t < oo,
plt) = | o ;;‘-oo {t<o
ard observing that ($\
¢ 3\ /
[s .
5,‘%;@2 +loct 0 1___1___
& 2 T 1
L >

we obtain pN\&

Loy
ANE - o0
S myye ® dy = § P(y)p(X-y)ay

Yt eles)
\J
<} N RS N 1O I

= 5 £ ] : Jox .
'/5; -0 > " 1oy

By hypothesis, ¢(x) = Tix) wi(-o}, and hence we have

(3.15) e X/?

X JH,'l,.) e u]
§_FmeT® ay = ¢ x(yaxiaty)ay
OO0 ten
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gimitarly.we can also chtaln:

i X . o
a6) e 2 ae? ay = § E(yeX) Fiy)dy .
“oo “0o

By the definitlon of F and G we have

0 o 00,
§ 1417 dax = [F|° a8x o\
=00 ~00

. 't'\’
m 5 oo . AN
fyl® dx = § 1@[° dx O
=00 -00 A\’
Q>
and, by hypothesis U ig iscmetric, so thath\™
N\
® ., SEERN
§ 1917 ax = §  Iyl” A%
=00 i SRR N
QY

hence o
oo o ‘\“’s 2

(3.17) § IF)T dx & 1617 ax .

-0 A e

A
~N 1 _Piex)
Further, =zince K(y({fs} the Fourier transform of r_s.)
S ver o - 1w
follows by Parsc{al's relation thab
A\ A-B,
{® I -173
(z.18) \'::Sv K{y+A)K(y+B)dy = @

\J 7

O
Frop3.19) - (3.18) it follows thet to the given unitary
\/

and
ansformation there correspornds a Watson transform,

90 theorem 80 is completely proved.

are
Bemark: There are ag many Watson tyansforms as there

functions of absolute value unlty alwost everywhere.

With the notation already in use, We have!
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o0
1 ~1lyx
Ky)y= 1l.1.m. — e R{x)dx
7 75 do
R(x) = —— 1_T@J_ ,
Ve 1-3— - ix
K(y) = k{e¥) ¢ ¥/2
o &N\
Henecs, \
v/ 1P -dyx T(x ‘:\\\:\
{(3.19) kel e Lim. 52§ e S ax
oo a ix
A
or, . >
k{x) - . 1 BT T e {éfcxl ;
{3.20) >t = 1.i.m. ?_ES X \\1 — doc , T > 0.
B o \\ E = 1x
Ve \d

From (3.19) it follows that\“\:\{"

A !
1.i.m. ‘s‘wk(e:" Je_Y/e et T™ gy
=00

2. 1 = ¢
7 T . “}3}
‘\\:" oo - Pa
(%.02) = hime § ok(x) x'% 3/% g%
S
¢ '&.}
If we set x\\\
L)
PAY _ 1
NGO Tl = alp + L)

>
N

where Qg”f,)f’is 2 complex funetion of the real variable t,

7
thertlgﬂ}om (2.19) wa get

a3
NS

O ® = - Ix 1
B2 k) = 1am L« g + 2% am,
00 1,
5 1
. 1-5
(3.2k) = 1.t L (/e x 7 ooyan,
2T ST;"?‘]'_OO 1-8

also purely formally we have
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]
2+_’LOO

(3.25) k'(x) = 1.1i.m. E-:?f S CDXS Qls)da .

2

We heve seesn Lhat if ¢ € L., y € L,, then a necessary and

guffleciert cordlition for the transformation U defined by

T dloe) = Tlx) yi-ox) O\
U ) = TR0 ) <y
to be unitary is that AN
' 4 ‘Q‘
(5.26) IT(e) 1 = Tlx) Tloc) = 1&5\"

N .
We have alsc seen that k(x) is I-eal-v;{i;ued if and only if
AN

AN

{z.27) Tl } = T(-x }‘.i )

N
(5.26) ani (3.27) together iwply that
N\

{3.28) Tloc )P-oc ) = 1 .
cx\@

AN

e _
Further, (3%.28) @\r:ﬁ\\5.27) imply (3.26); while, (3.28)
and (5.26) 1mpld{(3.27). Now the conditions (3.26) and

L > .
(3.28) ca‘ﬂ.-.\&%:wexpr’esaed in terms of Q as follows:

1 .
3253\ [Q(s)1% =1, Fors=g+ix
,,\i”\\f:‘ :
N/ Kl
$3,50) Q(s) = Q1-9), for s = 7+ i&
1 .
{2.31) Q(Q)Q(I-S}=1,fors=§+1 .

) and (3.30) together Lmply (3.31),

It followa that (3.29
5.29) (or (3.300%

while (3.31) and (3.30) (or (3.29)) imply (

From thecrem 80 we are thus led to the following
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THEQREM 81. (i) If k(x} is reasl-valued, and
kxgx! € Le(o,co), go that (by {(3.22)) the integral

o ] -7
§ k(x)x™ 372 ax
o

1 E
Qg + i)
converges in mesan to the functlon - ¢ L - oo )
T = - i
= .

2 A
ig a complex-yalued functicn cf t _hg\feal

where Q(% + ix)

variable o« , and satisfies (by (3.30)) the cor.d *g\r

. e RS}
Az + 1) = Qg - 1), D
.\\
.\;
then the functiomnal squation N\
N
QT + o) QUL - mg*)}

L D

,w

must necessarily be gatiaf iﬁ(‘} n order thal thers may

exist a unitary transfonmtion F=g, 7€ L(0,00}, of

the Watson type, namq%x

(3.22) fé(x}dx = K_i%ﬁ f{x)d=
‘\'Z;
' ‘.l & oY
(3.33) 0y gf(dex = E8) o (y)ay
Q" o o ¥ 7
x\\..
NN Sy @2
38 S5 Imax = 1gl® ay .
/ Q 9]

(11} Comversely, ir Q{— + Ix} 13 a camplex functlon

of the real varisble or , -oo (&< @, guek thas

1 .
Qz + 1) = Q(g “ix), end if, further

Uz + 109 QL - dx) = 1
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then (b¥ (3.20)} the Integral

1 ,
eo —5 - 1l
1 Tle) 2
2w § x dee, x>0

1 .
(I)2 1x

. K
comverges in mean to a fupction X&Ele 1, (0,00) so that

%ﬂl wil? be a kermel, satisfying the condltion

N
oo oy A o
5 k{ayix(by) dy = min {(a,b) 't\:\
o ki AN
O
for which (s.32) - {(3.34}) will hold. N

- 2D
Femarksa: For real ki{ay} we have T = 7 or ;\%\{ {identity).

How for any elorvent £ we can put uniquely\\ Y

>
: Ay
f=71r +f_ N\
+ AN
whe re zf+= 7, =-f_, 80 Phﬁ:ﬁ“
.:,:x“
f‘+ - frﬁ‘ﬁ) , fo= fo L
N

Thus, for k real, cg\\-ff‘ €1, 1s the unique sum of &

self-raciproeal j:ﬁmtion with a skew-reciprocal function.
£

N\

Ir terms of s Fourier transforms dlx ), i) for a self -

reCiDI'Ocai\‘”f}d};ct fon we have
O
NN b, (o) = Tie) <j>+(—o<)

<>‘~../
or

b, (o) = T(-oc) ¢, lo)
®1d for the skew-reciprocal function we have

b (o) = - T{-a ) b_{x) -
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Thus 811 zelf-reclprocal functions arige by taking for

$ (o) In 0 (&< oo any function d{x} € 1,(0,00) and
then puttling ¢{-ox) = T{-) $lec) . BSimilarly for skew -
reciprocal functions, and the argument shows that "there
are ag many functions of the one kind as of the cthexr,m

Take a general {non-real)Watson-transform on N\

-~ £ € co. We have .’:‘\’
3 \",
i) = Tlx) d(-oc ). RS
,\{‘..
For thisz, we write QS
(3.35) Wy lo) = (- ) x«,\\')
foplx) = Tix) dwy with
(5.36) P %
FoATloc)] = 1 .,;;~
How (3.35) is & Watsbn transform with Tix} = 1, ard
this is, ino(x(@
0\'
N\
\g(xm r el

X

t“""'
PN\Y;
We call tnf\us; the elementary Watson transform. Then, by

theor@l{go we have the following

Q .ﬁHEOREM g2. InL,(0,00) any Watson transform is the
&"\gmduct of the elementary Watson transform with & non-

' d
Watson transform which on LE(_OO (X< amy, iz a unitary

cperator commitative with translations.




CHAPTER VI

GENERAL TAUBERTAN THEQREMS

§1. Introduction ,'\"\‘
In “he Tauberian thegrems of Chapter I, we st&rted

from & "kernel" K(x), formed its linear combm@tions

(1.1) Ate) ch(cx RPN

and then considered the extensio’ﬂﬂ IK(D()} which was ob-
tained from (1.1} by the Riema{:m —Darboux process of in-
clugion from above and he?low. In the actual analysis we
restricted ourselves \T:\s +he kernel K(x) = & ; in this

case, E[K{x)! coﬁq&sﬁod of a certain vector-Space of func-

tions in 0 ¢ ;:x‘..Q which contained, in perticular, the

) A/

:'mct“-_ons"\,}:\“ f1, of a1 s

_(1-2“};.§.« Floc) = ; o, 1¢{x{®-

?\it?:;uc,ll tue function (1.2) is a very special functlon,

-ige to
}’GE the application of the clogure process glves Tis
fact, we
Furctions which are rather general in g way. 1B s

have the followlng proposition: )
i b 1.2
The Karsmsta extension BiFf of 7o) as given BY {

tions Glec) sach of which vani-

conalsts precisely of func
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ashes outeide some finite interval (depending cn the cholce
of G{x} ) and ls Rlemann irtegrable in amy interval out-
side of which it \ranishe‘_s,

For, the linear combinatioms A{x) are preciscly
step-functlons (each vanishing outaide a Tfinite Znicrvaly;

sach element of the extension, being "included"” by L~(~
such step-functions from above and bolow, muat i.i‘iae{l\f"\
N
therefore vanlah cutside a flnlte Interval; blgt:f’g)n oVCTy
finite interval, dus fto the Inciusion f‘r'—qrnm:é;ti’a:.;e ard btelow,

it muet be Rismarn Integrable; therefors) the cloments of

N
EfF{ wust have the steted property; {’Q}}Jerso]y, any [unc-

tion which is Riemann integrable 3g¥ varishes outside a
finite interval can be sc inq}.{gﬁed.

Now aupposs we want javg";‘i’;éplace, in a Taukerliar tneg-
rem, the kernel e_fx byciomé cther kernel Klx) with & view
tc obtaining the g.@;}sununability a3 a concluglon. This
then would dem{:‘..ng:that EE} contain Wlec) as given by (1.2),
and hence aols’g',\éont&in EIFi which, as we have secn, in-
cludes %i}? a large class of "arbitrary" furctions. Re-
p].aci}:xé\\ln (1.1), by e and A by e ¥, -~ <Cx Lo,
—Q“\,(y { co, it foliowz that the neceszary ceniiilion is

that a auitable closure of 1inear transformaet fons
z F N — X
{(1.3) ch_(.x :yn), Kle™) = f{x)

shall contair many "arbltrary" functions g(x} in
oo { x { oo, If we agres to replace in {1.3) the finpite

sum by ar irtegral, thus writing
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(0]
(1.4) glx) = § flx-yh(yyy ,
=00

then the problem poses ltself in the following way. Under
what conditilons on f{x} will formila (1.4), for a suitable
cholce of n(y), represent an "arbitrary” function g{x). N

Introducing, purely formally, Fourier transforms (of,‘«ilass
N3
L, or L.) we see that (1.k) is equivalent with ‘)\ )

ol

{1.5) (t) = (L ))(t
Wy T.(t) \:"\\\.

whers ¢, ¥ > ¥, are the transforms o g,h respactively.

.\,
Since \y(t\ is "arbitrary" it may be\zFf 0 for any fixed t;

therefore &(t) must be # 0. Tht@; the only functions F{x)
likely to satisly the requlremerts are those whose Fourler

transform nowhere vanl she.s . Thus

.15‘ (x)e ™ dx % 0,
aiele]

X
1ls a r.eceqsam e‘ondltion, or, going back to x = &7, wWe

obtain Lne'\beurlstic conclusion that only those kernels
for wm\\&h'
. oC 1t -1
\'.‘v T Kix) dx # 0
~e) "o
O
/ -K -
everywhere, would be eligible. For Kx) = e~ this &
Now, the

mourts to r{it) 4+ 0 which indeed 1s the case.

remarkable thing is that this one condition comvers

ely

i3 also sufficient to produce the expected congequences.

(it) getually used
11ity

Phue, more or less, the property of [

in the ¢lassical Tauberlan theorem (that Abel summab
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» .
implies Cesarc summahllity) 1s only its non-vanlshing ang

no other speclfiable property.

From the above heurigtic considerations it becomes
clear that the essence of the proof of the Tauberian
theorem 30 of Chapter I lies 1in the gtudy of the closu;rae\
of a set of tranalations of & glven Functlon, name}%ﬂ\.
f{x + log A ) as given in (1.3), and this, in tugd, ke
bourid up with the zeroz of the Fourier trans'fiétﬁ}t of f{x).
In the case of the Karamata-extension, the‘idgl’osur-e iz a
Riemann - Darhboux closure of translatiQns ;)f 8 Riemarm
integrable function. If we CDIlSldBRthe get of all trang-
lations of more general functiona, say in L or 1in Lh,
and the corresponding lebesglze cloqure (that 1=z, In the
sense of the norm) one mj.ght expect to obtaln morse perneral
Tauberian theorems. Qw. fact, such a closure-theorem for
L, has been proveg\already in Chapter IV. Its L1 analogue
has been used'hg...Wiener to prove a general Tauberian theo-
rem which i.é’n?o:st closely ldentified with his method of
employ%the Fourier transform, However the resulting
veerLon of the Tauberian theorem is only one of the many
'].'.?Q.El.&‘lble, and in the proof of the others, seme of which
are of considerable anslytic Interest, the underlying clo~
sure-property must be worked In with other syllogistic
devices. In what follows, several such versions will be
elaborated, and we will effect s comblnation of general
kernels under the integral sign with general averaging

processes of "slow growth" under the limit-sign.
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§2, Preliminary lemmas
Definitlion 1. The class T, p=1,2,5,... is defined
to include all functions y(x) in -0 { x { oo with the

followlrng thrse properties:

(2.1} LP(}(') is positlive, continucus and has the valus/\

in - {x<0; <\\
(2.2} ¥For any finite real mmbers a, { a1,<{¢b§~ﬂéve
2\
{p.2)" 1im —W—Q(*—E;‘l = &V
xS0 PV \\
uriformly in (a a_nd\t@ Te exist finite real

rumbers g s8, dependlgcg ol a LY such that
(2.2)" 8 %ﬁ%%l {gy

for a, < a,\'ﬁa1 5
)

(2.3} tberexi%s s constant ¢ = CLP guch that
\\sl
\\./CO ny _ .
L ——LP-L-L-—DH ¢ o ylx), ™ {x<

N n=-w 1+|x-nl-

\%/
(}1’3; alternatively,
i”\“
: (2,31 5 _L_.y_(.jy_)Q}i_. {c w(x}

Soo 141X~ v!p
where e, (1ike ©,5 €37 gte. ) 18 & congtant .

Note that if (2.1) and (2.2)! are BLVEW then (2.3)

and {2.2)t! are indeed eguivalent.
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The clasa of functions 1]_1 o may be termsd "funetions
of glow growth", the standard of compaerison belng the
exponential furction e’ as x->»00 . It will be shown
prasgently that the typical function

o—

"(1log x} (loglog x) 5 Q

will comply with cur requirementa. We need the fo]’j_\{w‘ixg

Lemma 1. Let w(x)} =atiafy conditions (2.1 J,ag}'/tz.a}.

If there are real numbers ps owi ith p >0 & Ac%\}ha‘r

\\

\P{X)=O(KP) * .(X} =O('_.|F_} 2 \"X%J_;
k'H XJ , ’:\'
then (2.3)' {and henee {2.3)] is quﬁj}\ned Por
£ )
N
(2.4) p oy max (H{J‘:{‘F—O-}
Proof. It will be shf‘ Iclent to show that the inte-
)
gral <~§

s \

iz (a) bounﬁé@\i"or x <0, and (B) O(Y(x)) as X—>00 . A

regards @we have:
=N
AQ) 1 1

. ’ “1
Q‘w § < c, § Caix-y P4y ¢y {c, .
_.CD (D =

As regardz (b) we have:
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B =p P -p-c
(= of 5_1(ﬁ+;f’) dy) = 0(x ) = Qdx ¥ “p(x)l = 0Qp(x))

; xie ;p—1 P “pHp -p+
{00 e P ay) = o7 = ol TR0

1

Ofp{x}}

X . \ 0 . P+l -1 .
[ = Clp(x)) 50 (1+1x-7] ) dy = Olp(xH \(\\

X ‘JIr 2 8]
/\.
4

oo it _ p "
§ O(S ¥y P ay) = o)

I

L)
O(L‘P(x” Py W
o% 23 a
N
R&
The procl of the lemma 1s now immediate\{\\,
Assums, for instance, thet f‘orﬂé}ge e
'\C/
= N\ . Ta
wix) =z {log x) 2(log 10;'{3’?,] . . . (log...log X)
‘\’;* .
Then, for o 2 9 Wwe m&y pu@p =qg+t, 0= 0"t for any
fizxed ¢ > ¢, and (2 &)\W‘lll be satizfled for

x{!\'&()max (1 + o+ 2t -

)
7 N/

or, x\.;

} po1+ oy

/)4‘

A3 %owewr, o < 0, we have to put
\{) 1
Q/ p = g, g=07° ¢

,}zmaxu,,g_,et-ﬁﬁ)

p > max (1, ~oy) =M% (1, loyt) -

wlx = 1t and p=1
FOI’G‘=O‘,‘= ...==Cl;1=0) weha\req(}
L=
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Definition 2. The class Kq, q=0,1,2,..... is defined
to include all contimucus functlons in -w<d x { oo which
are 0(1x] ™) ag x| oo '

Iemma 2. If A function F(&) has g contimuous deri-
vetives In -o0 ( « { @ , and If the functions H{x),
F(D @), ..., F9(«) are absolutely integrable in

-~ £ x { w, then the functicn A

A
0O Ixp {:::\ )
fix) =S Fle e dex PAY
=00 A\ 3
£ . N\
belonga to Kq 0
Proof. By partial 1ntegrat10n \
lemma 3. For g > 1, if f{ x) b‘e\bongs to Kq then its
tranaform { ” v
Floc) = 5 £(x)e % ax

,‘
‘s

has g-1 derivatives; {gld the {g~ 1)th derivative 4~ 1)(0()
1s locally ‘sl.bwc)]\i'\e\ﬁgr contimons , and F'9) () belongs to
Ly(roo,m}. O

£/
Proof ¢\ Follows frem theorem 65, since

b
O\
\\\“ ()% £(x) € L,(~m,00) .
,\t\,‘ emma 4, If 3(x) is of bournded variation in every
\»f‘lnite interval, and “P gp , and
X+1

EX 188y < ey wlx), oo {x o,

then there exists a constant ¢ such that

I£GO1 C oy (1 4fxPHy



&2
inplies
o
O 1e(x-m)! 1as(y)]
200
Proof :
(p.2).
Lemma, o.
that
[$4] =1
P iyl Iy s
—0

rreliminary lemmas

179

s
N

¢ . ¢ ylx} .

By application of (2,3} in conjunction with

There ig a rumber ¢, depending on g, such A

)

2 s

-1 ¢\s
Iy19%2) ay <o (1 +IxI¥EY .
% W
N

Froof': By decomposition of the ran @é{"integration

it two parts, which, for
b r r

1 1
{“OO: EX)J {EXJ CO)‘

4

instance, fok'positive x are
¢ \%
&

7

7N
\

Lemme 5. If f(x) and h(x)\éije”i“mctiom of Kq+2 and
N3
5] Q:‘ N
§ J}I’ﬂdy =1
WO
and if . /\\
i we pu ) "\}
& .
. (‘1:}' -
£ (x) = §o®lx + Dny)ay = 0 §mf(X+y)h(ny)dy
& B
"\“"‘3
th t"\('/
ern \"4
& .
N\ le(x) - £,0x)1 € e, (1 +lxl
QO
ere
1lim g = 0.
n-=>c0 n
Proof: B3ince
00
It (x) - £l = ((f(x i) - £(x) h{y)ay!
=00
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5 T - 0
¢ §6Ff(x + 2} - £(x)! Ih(y)dy « goo + Sé ,
it follows that fn(x}ﬁf(xj uniformly In every finite x-

interval. The lemma now results Trom the fsct Lhat

fox) =0Ty, xS, A

S
uniformly for n > 1. This may be shown (suppogij%, for
example, that x lg positive) by aplitting * {Q“ﬁ;algp of
integration in

: oo -1 o s
£ Coun [0 ey %) (P 919%2y 0 gy
oo &
into the intervals (<o, Z x)\,( X, ).

Definitiorn 3. uwersf‘gmctlonq B(x) and y(x) as in

R

Lemma L, amd a constagt B, we say that s function f{x) of

P

the class Kp+1 ls{t\"’%-function iff the function defined by
w

(na)
f{x-y)a3(7)
=20

A 1
O Tax) = L
N\ s
\<& ¥ x)
LD

. ¢
which, byllemra %, iz hounded, tends for x—co, to the
1’Lml.‘b\'§

&‘ ‘“ A SCD
fly)ay
Q.z 2
Lemmg 7. I g,{x), 8.(x}, ... are Wp—functions, and

1f there i & funetion g(x) such that

=1
lelx) - 2001 < ey Gagx Py L e S 0,

then g(x) 18 alzo g Wp-function.
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procf s By lemma 5.
lezra 2. 17 z(x) 1s & Wp-function, and r(x) is an

arbitrary function of qu-e’ then the comwolution

o
h{x) = S r{z)g{x-z)dz

=00

ig aldac a uu_—fun xtion. N

Proc?: We first sssume that r{z) vanishes outs}g’s\‘

: A\ N
arn Interval (zo,z1 }. The function . \}
00 Oy
[ = .——-.l — -

(2.5} Tg(x,z) v (x gmg(x 7 y &h')

'\\;

kag the va_.ue

>/

7

v (mn) e
w(x) Tg(X Z){‘.»';

4 No/

Or accoumt of (2.p2)' it con{arge for x>0, to

oo N\ <0
A L e ~p3dy = A § glyley
~oo & T

\
/

uniformly ir z g%( z If we multiply (2.5) by r{z)

3

ard 1_ntegfg*e bé‘ﬁwcen 2, and 7,, We obtain the deaired
£ )

remult, =ifde
N
NS o o
WV w(zaaz § sy S h(y)ay -
{'\* O =c0

I the general cage, there are SmODthing functions

r.{x) vanishing outside finlte jptervals such that

-1
|p+1) , £n$ a .

[l )-r(x)]  gpy O#IX

) . ; , we
Algo iF h (x} is the convolution oF 111&(}(} with g(x)

h&ve
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-1
a(x) - By 01 O O+IxIPTTy L6 s

by lemma 6; and therefore lemma 7 applies.

§3, Tauberian theorems; sverapes on (- ,o0)

THEOREM £3. Assummticne: AN
(1) wix)e€ Ep ,\“\
(11) S(x) is of bounded varistion :.__;r;.g.h’rl finite
)
»

interval, and O
- .\(’\.\
" N
LETR SR ¢, \p(x) \\ - {x {m

x
'\V
(i11) g(x) is a functlori:éf clasza Ig (Lence also of
N
elass Kp 1) g@“
‘~r~" co .
o5 5 elx-yles(y)

es‘x;éts for every x, and is bounded in -~ { x < ®

|

1
qu?“ K g(x-y)as(y) ~ A 5005(@@3--

Conelusion: for any f(x)¢ }{p+2, we have

11_1'1'1 .__1___ Soof( - oo )
x>oo WX 3 FTETIERY) = A _Emi(y)dy
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Proof: let H(«) be any function having p+2 continu-
ous derivatives, and vanishing outside a finite interval.
By lemma 3, the function G{ex) has p+1 contimuous deriva-

tives and a.(p#e)th derivative which 1s in L2 for
.o { & { wand hence is In L, 1in svery finite intervel.

gince Glec) + 0 everywhere by assumptlon (iv), it follows A

that the guotient A
A\

G “ ,“}

) AN\ 3

has p+2 derivatives belonglng to L, - Hen&g;«&,r\'lemna 2,

the functlon ’\\
0 ; :‘\.a
rlx} = o= S _Hix) "C{ﬁm

2T Sg Glx) AW

N/

1 & Punction of K, .- But thé‘*function

n(x) =§ H(oc)”‘em doc
CD\
ts the con"o;.utmi\\} (x), gix) and therefore by lerma 8

it iz & Np —J-,unq‘tlon . The same holds true for the

+1 3\

function hgghax). Now the funetion
:..\.('
A\ o
\ Ol (x) = § £z + )y
RN n 200

~ ] .
W?’Lﬂg the convolution of f(x) and n n(- mx) 1s also

= 1, then our fi-

wp+1'fUIlc*GiOn. If we suppose that H(O)

Follows
nal agsertion about [(x), namely, that £(x)€ Wp+,| ©

from Lemmas 6 and 7.

THECREM 8k. Agsumptlons
(1) yix € T, |
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(11} S8(x) 1s real and of bounded variation in every

finlte interval, and |

X4 X+1
SX jds{yil - SX As(y) < c,ylx)

(this is a"one-sided" agsumption and ig auto-

matically fulfilled If 3(x) is mongtonic) o\

(111) g(x) > 0 and g(x) € Kp+5’ and ,\':\
“ \:\ 4
(iv) Glec) = § gix)e % ax + o G){s:Q'Z/CD ,
- AN
.x
{v) for each x, the integral \
G0 \/
§ elx-y¥as(z)
20 N
..‘ N/ T
existz 88 & Cauchv,‘llmlt: 1im § (or, as some
N T->0 =T

other guitablg }imlt the ssmwe for z11 x}, and

‘s

rg.m«;é?cx—y)dswn < g, pix)

¢ TOY
LA
{vi) uhege~exist== a number A such that
‘\)
tn ! Smg(x—y)ds(y) = A Soog(‘f Yy
()(-900 Y x) o to T

&

N\ “‘Conclusmn ws have
l"\ w

\ . X+1
T (vit) Sx 1as(y)l < ey wix)

and hence, by theorem 835, we have for f(x)}€ Ky

@
(viii) 1im P{x-v1da A Fly)y -
X =00 \P(x) *5@0 (x7)asty) = Eoo
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Proof: Define the monotone function p{x) by the re-

lation

X X
plx) = § 1a3(y)l - § ds(y)
8] 0

for 8all real x 1o (o ,® ). We have

L3
{ glx-y)las(y)l
Hes)

SDO oo
g{x-¥)ap(y) (x~y)d8
b p +£ngy) (v} O

(3.1} = I.I + I, , say. O

In {3.1) we note that I exlsts by expliclt,\@umptlon {v)
while I exists by assumption {iidof ths\%beorem in con-

hmetion with g(x) € Kp+5 Alsgo, ,t&'
\

1I|§C LfJ(X ,\FI%1§CML§)(X);
‘.

O
and thus “}:3«*
\‘a*
S g (x-y Moyl e ylx) -
AN
. &\}
How put
C Clasl
oM olx) = das(y
e :
then § (¢
S
N\ (" g(x-yac(y) £ o ylx)
AN -0
S\ ¥/
ince Glx) + 0, g(x) is not sdentically zero, Suppose
> o for

that k <s an integer and that g(x) 2 o
e{x<a+ ch' . Now
§  etzyéEsly) ¢ oylx)
adx-yat

and the left zide ia
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>e, § do(y)

a{x-y§a+f{—
g0 that
a{x-a) - o{x-a- ;?} {ewlx)
or, '
a{x+ —) a(x) { ¢ y{x+a+ k) {\
g C s OO
glx+1) - o(xy (e S qJ(X+8-+ g} W
i= ~N*
S

However if we use property {(2.2) we flﬂf%”f}r chlalr

olx+1) - olx) §C:3L\'X) ,

which Implies the conclusion of ¢ ol,n) theorsm.
THEOREM &5. Asqumptlons\‘

‘\‘

1) yweT

2 3
P o

(il} 8{x) is @1 and of bourded variation lm every

flnbt e\i terval, and

X"-\:})‘w X1
AT - § as) <oy ()

O {"

R {\i\J ) correspording to each ¢ > 0, there exists &

.

<>/ g.(x}) 2 0 with £.(x)€ Kp+5 and

o0 —ixx o iid
G (o) = _SOOQ;G(X)e dx + o,- ;c—‘<fx<‘c—:

(iv) for all e, the integral

{iv, a )

1 o0
Py S B xras(y)
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gxists ag & CLauchy limit, and for one parti-

gular ¢ = C, We have

(1v, 8,) S o, FVIEN oy

ess

(v} there exlgts a number A such that for all ¢
A :n\

o
(v, &, ) lim = _ L™ .
p2) BTy § By Iasyd = 4 § ety Oy
O
onclusion: f{x) g Ky W have ~'\

'\4

s )
X—-;Icno kP(X) —oof( ‘-y)dS(F) ’ig (y)dy -

VA 4
W

Proof: In fact, by using gc;"(kf we prove as before
Py Os.'

»",

that A\
O'(X-I-I“)Q." O'(X) { o ylx

i "\
Bow, if BE{eoc) vanishe§ \utwide g cloged finite interval,

then choose gome, chch that this closed interval ls con-

tained in - ~<) <% 2% @y thig ¢ we can form &9 before
"\x;\sl o
\Y 1 H{e) 1%
N\g r (x) = 37 e dx
v%.{\ ¢ eT oo Gc(“) '
o
cof of theo-

{ﬁa‘,i't has all the properties stated in the pr
rem 83. In particulsr, the function

nix) = § Hx)s™T o

1g to be finlsghed ag in

iz a W, function. Now the proof

theorem 853,
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Remarks: In the above three theorems we have proved that

1f' the relation,

o © a7
(3.2) xl_;go WIE3) §mg(x ¥)as(y) = A 5mg(y)dy

helds for a gpeclal function g, then the relation

oo o] N\
(3:3) lim gy § fx-y)as(y) = A § flyay ,
x>0 Y -0 -00 O
{,\.\ o
& e
holde Tor any general function £ € Kp+2. Hov\.re}(er, in a

group of theorems following now, we shall Qsal with the
case when the right side of (%.2) is sim\iy equal to A,
and our conclusion will underge a Qﬁ'\}’eqponding modlfl-

cation. o \/

»

/
s M

THEOREM 86. Assumptiondh

-
N
e
N

(1) e g ‘.,";;"

{ii) 3(x) 1s ._12 L and of bounded variation in every

find e\i‘nterval and

AP X+1
§_£ 148ty - § asty) < ¢ yix
X
o\sl
~\{
(\J'%M the function P(x) is monotonely non-decreesing
N n - < x < © ang,
<\j../
/ Px) =1 + ™ | as x3w

Plx) = ¢*% s &8 X2 -0

for some fixed a > o .

{iv) for o (¢ { a, we can thus form the absolutely
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conwvergsnt 1

niegral

{v)

53] .
Re+lec) = § P(x)e TXIxx dx, - <& { m,
Rles)

and the assumptlon is that

lim R{e+iod)
E+0

W&

e ®

and 0 ( & ( co is different from zer*o'én

e

* N

these two half-lines. RS

5 (x-7)8(y)
%T 2o \Q‘

exista, perhaps only g%} Cauchy limit, and is

bounded in -co <}; (fwfo

for some A O

N Y oo
11im Y 5 P{x-y)}d3(y) = A .

{ X+1
(5.4) .‘.T.z\ § T as < e yix)
~0 x
AL
) (o) for any £(x)€ X,,, we have
:"\‘:‘
~\.J
.5 1im F{x-y)as{y) = 0 .
QB 2 X—0 Lyix) *Soo
and hence

{c} if Q(x) is 2 function such that

Qx) > 1 88 X 7 0,
Qx) »o 8 x 7R
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and
(3.6} P(x)} - Qx) € Kp+2 ;
then
: Sw QUx-y)as{y) = A
(3.7) tim oy - 7) = A.
X—00 Yix) 2o
N
Proof: For every ¢ » 0, we introduce the fu_yw\t,ion
N/
(3.8) g,(x) = P(x) - Plx—c) A

AN 3
and we will show that ihas properties \\S\j’_"), {iv) ard

(v) of the previous theorsm 85, the {a\g} cne with A = 0,
Thig then proves conclugions (a} a;QG' (b) by theorem &5,

‘,z

and therefore also (o). QO

LY

In fact, due to a“sunm‘}on {1i1) on P(x) we cer-

tainly have gc(x) € KP%:‘&M gc(x) > 0. Next, for

0t {x we have \

R(g +1x) = 5\;\< el gy 4 Sm(P(x}—w jo EXTIXK g5

—m, 5]
AN/
s'“') .
\g’\ﬂ' + § o TEXTIXK gy |
N/
Q °
A\
31lnce
Y ®
S e-tx-ixo( ax = 1
o t+lx 7
we chtaln

e - GO
R{O+16) = _EOOP(x)e L gy SD (Blx)-1 o 1% ax 4 ok

for & + 0, the Integrals existing. Also, for o« = 0, We
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. F

obtain Lhe existeonce of the !imit-relation

“H
Rte]

) lim &t R(t) =1
£E—=0

How, Tor the Fourier transform

0o » o
G (o) = §  glx)e K ax O
~ = ,0\~
2\ ¥
we can sasily obtain « \J
_ . Q‘%)
B b
G (x) = 1im § g, (x)e (\\ J gx

for 211 & in -0 { &« { . Bub Lo\zaﬁxed £ > 0 we have

o8] {“ -{e+lo)x
§ e txe € HhoPay o 5 P(xe Jt“"” dx - [ P(x-cle  dx
- 7 -0 ‘\Q

‘sf:%

Rig +10)(1- & (e+ix)c,

Now, for o 0 '&%’}lmllt of this ag &-7 0 i3

o

> I}
o Oud -ixc
{z.70) 0\”’ R{1e) (1 - & )
\s./
o~ aTT _ . .
1,4131(:11%’9}{.1% o for 0 < lxl € = ard for «x = 0 1t 1s
‘5’:} _E.c‘
NS R{e) (v - & !
O ¢

N, ) .y -
<}n’: due to (%.9) its 1imit 88 g 0 1=

o 1im ¢t R(g)=¢ > 0 -
£—=>0

1} of theo-
Thus altogether we have

verifisd agsumption (11
5 s as &
rem @5. 'The exisztence of (iv,a,) of theorem 85
¥ Y the
Ceuchy 1imit, and (iv.8 ,}} for every ¢, follow DOW from

prescnt assumption (v). THUS W have only to show that



192 VI. GENERAL TAUBERIAN THEOREMS

1

@
. 11 (x-y)A3(y) =
(3-11) X-}rc[)lo W‘X} -Scogc

in order to justify all our concluslons. Now,

o0
1
z.12) 1im —— P{x-y)as(y) =
( X—=2C0 yix) 5oo
N\
by assumption, hence, for flxed ¢ > 0, alsc A
O
NS @
W(X 5o g P{x-c-y)8{y) —> A; ”:‘Kxﬁ,
D
’ AN
but ¥ RS
{x-c) .
Wx) -> 1, a3 x 9’?3\}
and hence PN,
i Do Rlee c-y)asty) =
(3.13) X;g@ ey _0&:‘9: ¥ v
?".x“

‘and {z.11) follows bx\subtracting {3.13) from {(3.12).

This finlshes th.e.\p\r}}of of our theoremn.

‘I"?}i’s function Q{y) satlisfies all assumptlons of our pre-
\‘GiOhS theorem for amy p, and thus we have
THECOREM £7. Under the sssumptions of theorem €6,

we have:
3.0y lim 2
( x> YF

X X+E _
p 1§ asty) + § 0« Easy)l =
2o R

Trom this we will corclude the following
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TEROREM €8, If to the assumptions of theorem 8¢ we
add the assumption that B(y})->0 as y=>-w (for instance

S(z) = 0 Lz a half-line o <y < y,), then for every

t > 0 we have
x
(3.13) lim 1(1() %§+E Syly = A .,
X300 X N\

Proof: Under the additional assumption on S[XQ%’
"\ v

have x \ g
as(y) = 8(x) N
S 2
and . ’\\‘\:\'\
X+E Ty ML
§ Ehas) = -sx) + A s(yey
X . .‘IO\" %
N/

and 12 we subsltitute this in (‘3\«.‘1"51 we obtaln {3.15).

X
LN
A N

3
Now dzfine the fuﬂctj.pg‘gﬂ\ﬂt(x} by the relatior

QY
“‘ g

\
. X+E

= o L 1
{(2.15) ME(‘&\= mig S{yldy .

X

X+
[8{x+e)-3(¥)]ldy + ME(X)

:{"
O
arl "\%‘/
\‘.1:; 1 i ~ 3(x)
Y F = 5] 'S{X)]d}" + -
&j}@} [-"1&(3{) \-])(X)t SX [ (}’) L.[J X)
We have proved that
{3.15) lim M/(x) = A .
E—00

Then, since
Tim (U + V) 2 m U + Tim V

we obtain From (3.17) apd (3.18):
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B (x+ed-B(y) ity o+ A,

e - -
! ¢ [S(v)-3(x)1dy + 171 SN
[

z.21) A D> lim Z X
5 o vy plx)e 9y R, t,\k,{(x}
A
:.,:’\ e
From (3.z20%and (3.21) we cbiaim: D
OY
P D ¢

S(x)
lim }1111’1 lim
S YE T 150 xSoo \V{K)E X \\\

(3.22) {\\
and - O
X+ € L) l{_\{J
A>Tm  Um 5 STs00ay + Tl Sy
>0 xvoo YT ;::‘5“3 i Y
(3.23) O
Thus we have the f‘olLQwin

~ _
THEOFEM &3 -g\@ wlx) € T, and Il Tiw a:c
3{x),P(x} “Lafhscl.“ in theorem B8. Let ux agsume

tion that ¢ *\’
i“\’{" K4
(3.2087 Tim 1im s O (S(xeR)-E(1I)dy 2 O
;\% €50 xpro WOIE |

{3.25 lim Xim

e50 x s WEOE 2y

Then we conclude that

S{x) _
xleirgo wix) = A

Remaris: If' 1n any of the theovems 87,88,85 wo replace the
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sre-aided condition
. Al T+1
(3.26) §lasml - § a8 e pix)
X X
o7 the two-slded cordition

P

(3.27) § 0 lasy)l € e yix)
=
ther: P(x) reed not be assumed monotone. \’\:“
Ir 7act the monctoneity of P(x) wazs only ne ecé‘azr'}
fer the positiveness of gc(x) = P{x)-P{x-c) wgl ?;\‘q fzrm

was cnly useful in obtaining (3.27) from L)\.QUJ. How-
ever, we roce that as regards theorem :ng-:\\.\the assumptions
(Z2.24) and (3.25) are presupposed g;ﬁ?}t\éxplicitly, Jjust
2a in the case of the original cpné‘l%ion {3.26).

™

8l , Averages on (0,@ ]

&
/

The principal ref{{n\bs of the previous section are
theorems 8%,84 and E@ which deal with the welghted aver-
ages of mnctlo‘rlﬂ;dei ined on the real line (-, ); by 8

sultbable mo 1@10&’51011, we ghall reduce them now to the
&
half- Llne-\ oo) We introduce the following
l_>§:“’ %ritjon A function &(t) belongs to the class Qp

/“\Q'
ifN\ard only if the function d(e™) € ED

We maxe the following gubstitutions in theorsms &y

anc 83%:

¥ = log P\’ S(yj = SA f\_id S/(h); E‘.[‘Y) = )‘D("\-)

f{—‘y} = ;\F(A)-



196 VI, GENERAL TAUBERIAN THEOREMS

Then, theorell 83 runas as follows:
THEOREM 0. Assumptions:
(1) $(tYe By

(ii) s{f\} iy of bounded yarigtion in svery finlts

interval 0 AO £ r’\1 < /\2 < oo oard

et 4 O\
St JQ&%AU {e o bit) .

¢ v
~f\~ }

4

(1it) D(t) 1s a conbinuous function wr c“ﬁ is
'S )
otV log t17P701 both for shAl amd lerge t,

N\

and \4
1 ja gl \
AG(A) SO D(}%)QS:@’)

AN\

A

¢

exists for every '”', o { A< @ard ig bounded,
(iv) gnwi““at+o,—oo<o<<co,

.“

(v) therem@ a constant A such tnatb

3
¢\./

- L& S / X2
lim .\m(m VO piEastyy = A § DGgdp .
r’*‘}@O » So A P Sc- a
AN/
ogc&[usmn: for any conbinuous function F(t) which
S,QQ Y1og 1 P™®) poth for smell and large t, we have
R\
SV AT § R % p(d
\”'\;../ ASm So F(A}HS(}A) = A Sc Flupidp .

2imilarly we have the following
THEOREM 91. Assumptions:
(1) b(tYe §

(L)€ o

4
{11} 8(A) 1s real and of boupded yariaticn in XA R

finite interval o ( A (A, (A, (@ apd
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et / et 7
as(a)l
I S e S I

(111} D{t} 1= non-negative, contimiou= and is

| bl ¥
0it™'flog 1 P73} for both small and large t,
N\

(iv) 5 D(t)ti“dt+o, -0 { o < 00
O\

-
{v) for each A in o { A { co the 1ntegr§1\~’
o

N x

1 & n # Pad
T dLA) D(5)d8(n) "
A So A s \.\

. N
exists as & Ceuchy limit %gzg.,gt , 2ay, and is

(

bounded ; N

‘\'

(vi) there is a constants A Such that

N
<N
N
‘s

-1 A -
lim [ Ad(A)} g Ja{ agip) = A § D(udp
A=cn [s]

“,{\
Conclusion: \'Mire

;\\ et {
O dsi A
i) A7 Lastall ¢ o )
’{\5/
(Y'and hence by theorem 90, we have
Q T
R\ _ @
6011 rm As(AT S F({%}ds{p) =a { F(pap
@ o4 A~>00 o 0

\/

for any conbinuous function F(t) which 1s
o(t™ 1 10g £1"P2) for both small and large t.

Ta preduce thneorem 8% to the interval (0,00 ) we use

slightly different substitutions, pamely
a(y) = Ste¥),  Bly) =ule ) .
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We then have the following
THEOREM 92. Asgpumptlons:
(1) o(t) & G (t)

(11)  S(A) ig of bounded yariation in cvery finite

interval 0 AL < Ay A, Cwoand

ety - 5 asla <o bit) &
. dS{P\ - 1ol A C o t I J .
(h-1) t t O\
o\
« \J
(111) the fupeticn W(t) 1g monotons, ”r(:ﬁt‘fg'increasing
ino{t {», and \\"
\Q\"
a \
W(t) =1 + O(t );,zbw 150
Y
and, N\
W) = o<p§%)§' LS

R

]

A Y
me fixed\a a
or 50 e:d; >0,

(iv) for o < ;-.(< a we can thus Zomn the abzplubely

2\,
congsrgent integral

P4
{n}/
S

00 s )
L x" N (E+ix] = S W(t)bE T+ie d~. —oo “o¢
A o

E 4
AY;

¢\~ anl we assume thal
" e

QO Tim Y {e+ix) k 0
\‘,> E.\lr-l—D-\L

on oo (e ¢ 0and 0 (x (@,

(v) T ast
By 8, WeRIashu

o
B
=S
ra
-t

|CO
i3
|
[y
o
)
o
Lr
—

imit ard is scundsd 1o

{vi) there
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‘A

(vli) 1lim

O
‘ oo P(A) 5 HeRasty) -

=

gp) >0 as oo
in cther worda,

+0) = slo) = o

(viil) <\
L,z Tim _1 )
“j“} ;i? Aggg F(AT1og & S{\ (5{aa)-s{y) )—"'—,\5\0
and % \*
1 T : 1 ah ’»\ i
(h2) IE umogoyigra b, G ERPT e
- S
N\
fonclugion: ’\\'
R ———— P ‘”\&/
A .

&5, Snegia:‘i cages

s

We ghall now cc-ns:@er‘ apecial cases of thecorems 90,
97, 92, which areg r\éafiily recognizable as Tauberlarn. From
Lhecrem 90, we 3}@11 obtain the following

m}bOREM””g\ﬁ} Let W(t) be a coptinuous function defined
in o <\'§”’ . let R(k) > 0. Let

\
A kT hg(ny = o6 Jiog £177) for 50 and b

Q{ﬁd

(5.2) 'S W% g 40, oo (o oo
o
Ther 1T
2 n ® k- 5t
(5.%) 1 ¥ ZanW(§J=PLS g we
yo :



200 ¥i. GENERAL TAUBERIAN THEOREMS

k-1
(5.4) a, = 0(n" )
then
S s, -h
1im = a, = .
(5:2) n—rw n g

The deduction of thecrem 93 from Lheorem §0 requlres

two lemmas. The First lemme is a corollary of thec.;-q{r\gj,

while the second 1s purely arithmetlical. \;\
LEMMA G. If \‘\,
\‘3‘
{(5.8) b, = o1y O\
”)&v
ard G(A) 18 & comtimiuous function satj‘\sl-\%”:ngr
o
- _ &

G(A) = O(A T (log N P pfor A= 0 and A= @,

and {'\.}
™ ¥

&0 I N

§ oer™ at 408 ol x{®,

o \‘2:; v
then ~N N

e o) X0 .

1im ?L’DQ\’)\}I VS b G(%J =Aa § ol

A—200 QQ,\ 4 1 o
irplies :5\

. A0 i
L N ) ,
()-() t‘“} ng?‘;} l'ldj(n) ; br.:A
"'\{’
\ %
'/\oof Set
N

o S?y)=2i b, o0<y<m,
3

then the condition

et gala)
§ 1= Ce
L

1s fulfilled. Alsp we have

& ) oc 1 o
?an G(3) = 50 G(hasiy).
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By thecrem 90, with §(A) = 1, it follows that
& oo
= 1 r
(5.8) Um & > b, F(E) =4 [ Ppa
n->oo " = TR SO HIcp

for every "admisegible” function F. Given a fixed &) o,

we define the function Ft(y} =1 for. o<y <1; F&{y) is
contirucus and decreases monotonely to zero for 1 { v (“/H&;
and FE(X) = 0 for 1+¢ { ¥y { oo. The functicn is ngé;ig
an "acdmierible" function. However, ggj

O

and . M{f; ® .
@ O
Fo(w)an -4 F (idp- [ B (piapl <&;

1T, therefors /e substitute F, (y) for F(y) in (5.2) and
L)

let t%o,:,.l\‘ﬂ"é,\"ébt&in the conclusion (5.7) and the lemme 1=

Ned
pl‘-ov'eii,’:{\
ASIEMMA 10, et R(k) ) 0, and

o @t

1im ': k=1
n-—=>oo o 1T
Then
" 9l
lim Z a, = A
n—oo N 1

Proof: TUe may suppose A = © without losgs of general-
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Il - P
o = ke - EE o [rk Te- )= (r-1)";
nor =1

From this 1t follows that s, —0 implies T 0. \\\

Proo® of theorem 93. If we chooas N \}

2r Lo

then the aszsumptions of lemma % argysdtisfiod and 1 we
' 4 {'
now usse lemma 10 we obtain the 1@@;@ ired result. IF we

pub W(t) = e " we obtaln the¥ellowing
‘:\:‘“
Corollary to thegremeds .
RN

Let R{k) > 0. I&

74

"\.}r—]{m -y
'%T‘gm 5 Zane /Y — AL r(x)

(wa] 1
PAY,
and QI
k-1,
o \ud a, = 0(n ")
:”\{, I
then, \W
% n
“s‘; 1im —_— =
i,\\, 1S 1 E; a, A

Remark: Teking k = 1 in the above cornllary, we obtain: if
8 sequence fa,l is Abel-summable and ag = Of1) ther it Ig
{C,1) summable.

THEQOREM 94. Given a real number k » €, A nOL-HEES"

tive mon-decressing function A(t), a functlon #(t) of HHE

clags 0, and a nop-mepatlve contlnuous function Wit} for




§5. BSpecial cases z0%

which

57 hs) = 0 t_l(log t}‘D‘?j

for bolth smali angd large 1, and

o . ,
(Wbt I% gt 4 0, -m {x .
5o Ko oo N\
i - n - 1
lim  [p(Ada] 5 W(da(p) = A § Wbyt lay
A—>00 o (wg
2\
and the left-hand funetion iz bounded ing?é( A € oo, then
»
kA & A A Q)
‘\V
az  A—>00. ; \S,
The proof of thecrsam 91{*@1913611(:13 on theorem ¢1 together
with the foliowing 1emr"a¢:i‘1‘:’
LEVMA 11, IF s’(;{ $(t), D(t) and A satisfy all the

hyootheses of thﬁ{“{@}ﬂ 91, then

,«‘w’ aA)~ A A B(A)
x\.}
as 0@

&of The assumptions about F(t) of theorem 91 are

R 3 Y

Py&f‘nled for twe non-increasing contirmous functlons

'1(t), F, (t) of which the first 191 ino {t {1-t and
¢ for ' { t { co, and the second 1z 1 ino & {1, and

o for *+g { & . The nurber & can be chosen =o as to

make
feo]
.
3

[n]

[, (t) - F ()it

arbitrarily small. The rintermediate” function
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§1,o§t§1
Fit) =
olt) o, 1<t <

is pot contimicus, but it follows from

8

e8]
Limiag(a)17 S R hasip) < Tm 1s(alTT S Fothasip)
o]

z

TR, el
N

< 1im {ad{Aa)l

®

cf"B o

¥ 4

{

A
that the concluslon still holds for 1t. Subatitut{z% F‘o

R
l‘w"

for F in theorem 61, we get the lema.
Proof of thecrem gh., If &{t)€ @ theg;\k ﬁp
for § > 0. Substitubing A(t) for S(t¥ ) \ht y for d{t),

W(t) for D(t ) and Afk Tor A, we get N,;m‘orem 4 from

N v
lemma 11. QO
":&

‘\,‘

Corollary to theorem 9h. AN

Irk >o and W{t) is EN &ntinuous functicn in

0 <t oo, W) 20, &

X Tt ) ='O:(4t}\1og t™P), fort=o0, end t = ©,

o N

and s\,)
O k=141
SJ\"ﬂét}t dt + 0, for -co {ox { oo,
's‘\
ard (89
AN

/ W - &
Q7 1 e udiCe, oly <,

& n @ -1
lim y 12 8, WY = AL t*7 w(t)at
“ Q

and



§5. Speclial cazes

20%
8, >0
leply
1t Zﬂ
m k_ a
n—co n¥ 1
Remarx: Putting wW(t) = e_t, we obtain:
if . D _ &\
m oy T e MY -l \
hides 1 Ko
and . {S\ )
% 2 0 >’
L "4
.then N
. L
1im —k 2 aL=A )
n—>w un 1 R,
”\&/
Takirg k = 1 we obtaln that Abel{ Suh?mability of a seguence

of positive terms implises (C s Ysummability. (see Chr.I).

s‘«

A3 a special case of'y t@éorem 92, we have

THEOREM 95, (1) W(t) iz & monotonic non-increasing

funetion for whicg

\"f 1+ (t 1, att =0
Jjﬂ} O(t ) , at t =w
t’\s»l
for sog&\s’)xed & » 0, and
‘(’ \ s
N )
. um [ (et T a4+ o0

<>“ E-L%+0 o]

for - < & < 0 and ¢ <« { oco; and if for a slow-growing

function &{t} of clags E , we have

Gy O<Y<CD!
rdJ(y 12&. W{J|§
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then the limit-relatlon

8

11 S & W{I'_)“ = A
HE Gy - )

fogether wlth the one-sided corditicn

(5.9) an}—%é(n) , B>oO O
iptoly ) "\\"I.'
n A O
(5.10) K T L eg T A N
=500 1 O
o
(1i) in the classical cage, we have<§§g, = * gnd then,
the azsumptions s}}
. ¢ &/
- K
Sta W A, Cenr-P
1 ki P W ] T
RS
imply : AN N
N
2a B = A
Q

(1i1l) however \‘3& $({¥)—=>0 as y—oo,then (5.10) ilmplies
first of all '"\‘w
(5.11) \ ;\} %O: &, =
O .

&

gnd tnﬂn%{ combining (5.10) ard (5.11) we obtain

‘0

O ) 1 =
\/ 1im 36N a_ = —-A
<> =00 (n) m=Zn+1 m
[Remark on pert (111). In the case W(t) = e © Tauber's

original condition was a. = 0(11_1); this is now belng ren-
dered more specific by considering o(1) to be a certain
¢({n), and at the same time it is belng relaxed lnto ons -

sidedress instead of Tauber's original two-szidedness. In
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Pauber's orlginal reguirerent
e8]

5.12) im 3 a_ WS =4
( ypo vOF W0

we puL ;—\O = 0, and au the zeme time we impose a cordition

on the degree ol approximation of the limit towards o,

7
rams iy, . \\
e ] \
(5.13) Zan‘N($}~A¢(yJ . ' O\
T K ',\}\ @
« \,

) ) ) LN
Now, a2 a consequence ol aszumption (5.12) W1P11§30§= o we
7

I

v .
irgt of all have (5.11) naturally; buot ws\vj that our
A\

furtner azsunption (5.13) 1s like-wise @ueti\re ol a

V4

cenclusion, namely, \g\}
N W

N L
whers ©_ iz the n-th remaind&m of the series In (Z.11)].
It e

N
Froor of theorem C-;{ M putting

S
¢.& ,t)EZL an

'”V\\o'
we aontain (\\J

N4
4

oM ey B ,
W fase) - et =3 U a)

A

[/ N

A
\%

@:@fe to (5.9) this is
L1 °B d{n)/n
10 < n<n¥f\
izs In particula.r

Now asswmption (2.2)" on U, impli

(5.15) g, p{a) < 6l <8y bCA),
Ad{ndehr,
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and hence (5.1h) isa

eh 1
2B o(a) 2 5 < AB B(A)
A

and hence

eA P gA

§ 1asteyl - § as(v) < B b(A)

A A
: O
which verifies relation (4.1). But now we have fo rer K

\7

(4.2) and (L.3). Take, for instance, (&.2). y,4?v9'
N

we have

<
S(p) - S(A) 2 - B g{ D

and for p { & A, on account of (5. 1<>thls is
\

2 = B $(A) g\‘wis b(a) log B

aladp

therefore

ah

1 @ ah & "
H{AS SA (S{P)_é(/\Q}P > -B 52\ 108% “ﬁ‘ > - & (loz a)"

lazl

x
which obviousl},@ﬁveu (4.2} and similarly (4.3)

Rema: Put.‘g\‘iw Wt) = eV, we obtain:
if 9 §
/\\\ 1im Z o e T o p
.\3:; y—>oo 1 n
%f{}“
8, 2 “Bfn
then
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NOTES

Books on Fourler Transforms

S. Bochner, Vorlesungen Uber Fouriersche Integrale, « <\

Leipzig 1932, Chelsea 1948 (BFI) L\
T. Carleman, Integrale de Fourler, Uppsala, 191+h ~(EFI)

E.C.Titchmarsh, Introduction to the theor'v ni‘ F‘ourier
m\‘

integrals, Oxford, 1937(TRIN_

N. Wiener, The Fourier Integrael %\gertain of its
applications, Cambridge, 1933(WFI)

hgpter 1.

We are noting once for all that meny historical ard
genetlc remarks apo‘at formiles and concepts concerning
Fourier transfo}wa\ls are contained in the "foot-notes”
(asaembled Q’c “the end of BFI).

x’\

"\‘
Qg We will have a peculiar generalization of the

H@m&nn lebesgue Lemma in Chapter III, §h. It is also

QX " -
\bosaible to prove it dlfferently by the methods of "to
not too mach ought to be made

In the

pologlical algebra"; however,

of this sbstract slternative method of proof.

theory of Fourier series there &re delicate refinements of

the Riemarn Lebesgue lemma to certein types of Fourier

the
Stiletjes Integrals (in the one-dimensional case) and

toplc
sbstract approach would be hardly applicable to this top
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of widening interest.

§3. The convolution-theorsem is fundamsntal to the
concept of "random variablez" In the thsory of probehility,

and cur verslion of ithe theorem corresponds to the law of

. ot N\
addition for twe "independent” random variables, eack
- e
having a "denslty”. \\\\
\/
~\

§4. Laws of "opsratling” with Fourie:r;\’\'
functions in L.I have been approached 53*;:;§maticallj; in BFT.
For LE, mainly dus to Hi_lbert-sp&cq:’%&ékground, they were
ocourring previously, at least ‘i,ltr’;g‘llcitly. They can also
be =zet up for functions in %i’“at: any rate, for 1 { p < 2.

N
Qi

L Y
N
gy

§6. FProblems of‘"“-mffqueness for Fourisr serles snd
trigonometric seriag;\()figinated in Riemmmm's papsrz, Ges.
Werke, E.ﬂufl.?\I_eipzig lege, 227-71,%3731-4h, and wers
studied rat:hrgfi:gssidliousljr by Cantor, Lebesgue, du Bois-
Reymondsa:;?&"ée la Vallde Poussin. But the corvestonding

o
Lmigg%é}}ess theorems for Integrals (instead of aerlea) were
“r&“té}'f'e”r slow in emerging. Our present method of preoof has
Npeen introduced by G.Polya, Math.Zeit.:2(1923)66-108.

A verszlon of unlquenssas theorem for functions f£{x)
not necesaarily belonging to I"l in (-0 ¢ x ¢ oo) has been
established for the first fime by A.C.0fFord, Journal.

Londor. Math.Soe.,11 (19356)171-4, Proc.londor Math.Soc. (2)

he (1937 ) bee-RBp,
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§8. Thecrem 8 has a unliversal scheme which is

roughly as follows. Glven a complete orthogonal systenm

of furctlons, I1f we taks the corresponding expansion of
an arbitrary functicn, and if the expanzicn converges

reazonsbly, then the sum-function ls the function exparded:

<

but 1t 1= very difflcult to glve & "hest poseible” yersion
o AN
of the theorsm; almost any veraion could be "implgocred upon”

L 3

or "gensrallzed". N

In theorem 9 the assumption that f(g(fi:iiélong to L!
carmnt be dispensed with easlly, althciu;gh: there ought to
be ways of relaxing 1t to some e&qﬁt, further research 1s
suggested., The sscond pre—reqn}is’ﬁte that £{x) be bourded
ir a neighborhood of the vQ»r’igin i more rigid, and
attempts to =zoften it wqu'lé he lesa promising of success.

&
§9. Conta{\lﬁty in L,-norm has been analyrzed slgnlfi-

cantly by Plédener, Journal ftr Math.,160{1929)26-32. He
4
showed i, jbe one-dimensional periodic case that It cha-

$ /7

raﬁtx"}es absclutely ceontlnuous set-funsctions among all

A}QE of bounded variation. Thiz was then extended in &

"\f\ar reaching manner te multl-dimenzlonal functions by
T69-T94,Th.15,78%.

S. Bochner, Amals of Math., %0{1939)

§10. Theorem 1k gi\res a mew proof of the wniguencss

theorem; so does theorem T. Although theorem 7 gives a

striking method of proving uniguenesgs, it has the disad-

. . h
vantags (1f dlsadvantage 1t ig) of beling peculiar to the



212 Notes - Chapter I.

Euclidean set-up, whereas theorem 14 has better chances
of extension to non-Fuclldsan spaces. See 5. Bochner and

J.Von Neumarm, Trans.fmer.Math.3ce., 37(1935)21-50,

§11. Theorem 17 belongs to & type of theorems intro-
N
duced into Analysis by Esclangon and J.E . Littlewocd.

&y
& )
§12. Theorem 18 has besn stated mainly fon ~i7~1{1:9”/ gake
of 8 later multi-dimenaional application, bug'\}t hasg soms
interest In itself, belonging as it doss to the type of
theorems proved by Lebesgue, de la Val{‘é’é Poussin ard

Jackson. See de la Vallde-Poussin! o8 Leconh sur I'anproxi-

mation deg fornetlons d'une vavlabme reelle, and Jackaon's

Theory of approximation. *i‘“

*

XY
<

\

o\ -
§14, Qur compar%fgh_between.Abel (e t) and Gaussa
2
-t

(e ) summablllty ’ZLS not novel. Bee M.L.Cartwright, FProc.

Iondon Math. Soc‘\@3131(1950)81 -96, but our approach 1z

perhaps morg\?ystematic.
O

¥
.‘,

§} . fee BE.Hille, FPuncticnal Analysis and Semi-groups,

s

p.3%7.
§16. Except for the admission of slow-growing func-

tions, theorems 2% and 26 are very gensral verszions of

Abelian limit-theorems.
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§17. Theorem 29 Is perhaps new, For s brief ex-
planation of Abelian and Tauberian theorems, see G.H.Hardy
Ramanc jen, p.bé.

A simple proof of theorem 30 was given by J.Karamata,
Math.Zeit.,32 (1930) 319-320,

N\

Oy
N\
§2. We are empheslzing that we are provin:é'unique—

Chapter II

neaa theorem (as in 3.Bochner, Math ﬁnnalep,?08(1953)
278-410) without securlng a genersl 1nver31on—formula
firet. In the theory of probabilit‘g," however, (See H.
Cramer's Mathematlcsal methodq Qi Statistieca) it 1s cuato-

mary to have a genersl 1nveraion firat, from which unigque-

ness 18 obtalned as a cor:ollary

any
$

§3. HNote th".é;\in {%.5) the integral is an average
over the sphere of rading t with center x, and not an in-
togral oveP 'the volume of the sphere; hence the added fac-
tor tf“'\;'\in {(5.6).

\\ "/
M\:\, §4. Theorem 35 and some Sub
" introduction to "sphérical summbllity”.

account see S.Bochner, Math.Zelt.34(1931)4b0-47,
pnnals of Math.37(1936)

JAmer . Math.S50C. 52{19L6)

sequent theoremsz are Al

For a systematic

Trans.

Amer.Math.SOC.ho(5956}175—207,
545-56, and K.Chandrasekharar, Bull

1 - sy
47%-77, Proc.Llondon Math.Soc. (2)50{19kE)210-223, Apnals o

Math.Lg{1948)591-1007.
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§7. The £irst proof of theorem 40 was given in BFT,

p.187;the secord is new.

Chapter IIT
§4, heorem 46 and the remarks fo]lowip it are a
A

coﬁﬁter—part to atatements on xernsels with du Bols-HRsymowd
gingularities. See G.H.Hardy, Quartcrly Jour*.hh{191fé~/}\5}
.”\.
1-4a, \ >
(“
§5. The proof of ihecrem 45, now widel X\Lﬁ use, waz
Tirst given by F.Riesz, Bulletino dell‘Unlon& Matematica

Italians, 1528, p.77. \

Chapter m '
$2. FPor other proofs of Iﬂarcherel s theorem, =ee
lrst of a1 M. PlanLherel ﬁénd dl Palermc,30{1910)289-35%5;
then thers are four pﬂpgfq listed in TFI,pp.7vc-83, due re-
spactlvely to E.C. T;%Chmarsh, &.Beehney, F.Riesz and N.
Wiensr; flnalLTg\there is & procf in M.H.Stons, Linear

o

Twansformatiogﬁ in Hilbert Enace, p.104, which 1s also

given 1n~§>§ochner g Princeton lectures on Fourder Analy-
sis, Qr936) Qur present proof 1s nearest to the last man-
\NPd with a econziderable modification and although it ls
"cperaticnal", it 1s very much restricted to the Euclidesn
aet-up. Note the gensral conciusion (3.'0) following
{3.9); it would be Interesting to have similar statemcits

or L and L 1 <p (2.
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6. For k-dimensloral extensions see I.Hslperir,
grnels of Math., 38(1937)E20-G19.
Theorem 60 (and cthers}, Including the conditional

cornversence of (6.8) also work for Lp .

&8, Ir "operational"caleulus this 1s a special cege

of a rorwal operator with a gimple spectrum, cf. .\H Btone.
\

loc.clt.on.275,311. \

‘s

heorem 70 combines Hilbert-space tnegrg\\rlth vartial

odering, the latter being Imwolved in ‘t}ie}statement that
s elcmert of Hilvert space in a givelnrealizstlon by

&
noint-Tunctlons happens to vaniﬁh"g}l a describable point -

- R M

=1 \
S TR Y
S

‘~‘

Treorem 73 Was gwemby .Bochner, Math,Zeit.29{1929)}

[

TE7-74%, Cognate top;cq were then treated in an extensive
= ,\

peper bty T.Kita a{@,; Jap.Jouf.Math.,15(1957}235—352—
Tor boundad linear trangformations from L1 {-co,00)

Into 1_tself’,t\;‘fomuts.ti\ie with translations, the general
N
form {\\
'&\ ¥p(x) = §o{x-t)aK(E)

i"\
'(h”e-f Ki{t) 1g of bounded variation in {

' 4
gunded contlinuous functions in

NS

00,00 ), and thig

1z alzp the form for b

{-oc0,00 ) with norm: Sup [£{x)f.

due to N.Wiener, WFE,p.100. Ttz L1

Theorem 76 18

sralogue 1s given in WFL,D.97.
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Chapter V

§§1,2. Theorem 77 was giver by 3.Bochner, Annals of
Math.35(1935)111-15, with a view to supplying a compre-
hensive background for the appreciation of the Watson
transform. Heowever, it should be noted that while theorefi\
77{that iz, the structural statements on unitary trans:z\'
formations)} can be gensralized from the half-line {6;50)
to 2 general voint-gzet in an Euclidean or morexgéggfal
megsure-space, the same is not at all trus off%ﬁé Watson
transform. It is a fascinating featurexq§gthe Wat=on
theory that the properties peculiar tpfbﬁé ordlnary half-
line are utilized to the limit, egpéciélly the property
that the transformation x = esf,:i;ihl{"s it with the full line
~co £y < o, the latter lingwﬁeing both the group-space
onn which the Fourler(P]&n@herel) transform 18 in existerce,
and the imaginary ax1§€bf the complex z-plane on which s
Cauchy-Mellin 1ntegr&1 of the form (3.25) is avallable.
For the or1gLnah\¢eL31on.of Watason transforms see G.N.Wat-
scn, Proc. L@}m Math.Soc.(2)33(1935)156-1¢9.

IﬁmmeLd be of scme interest to investlgate conver-
genc{—‘ﬁééts for the validity of (1.1%) not &s & limit in
mean but as a peint-limit by ordinary convergence or
swmmability.

The reader should note our insistence on the "conju-
gate'kernels in (2.2),(2.3) and (2.L4), and most important
of all, ir formula (3.30). For non-real kernels ki{x) our

Lranztorms are very differernt from those included in THI,
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po.221-2hk. In particular, the Hankel transform
k(x} = H (xWx wlth a pon-real v iz not at all included

in our L, theorems.

§3. It is somewhat surprising thet among all unitary
transformations in L, (0,cc ) the ones deascribed in thesben
f2 =rc the only ones which thus far have been f‘ou.nd\tb
have a almple structural property of the kerrel.s k’{a X,
l{a,x} corresponding to them. It weould be, dealrable to
elucidate the situation by finding somé Bther classes of
unitary trensformations different fpeinvthe Watson trans-

&
Term and corresponding to some Qt‘lfz}r gimple speciallzations

»

oft the sernels involved. ,'}‘“
vst »

’v

'~ “t hapter VI
§+. A “gene,zza"‘k\' Tauberlan theorem is applicable to a
* \‘l

genceral class ef kernels The Teuberlan theorem we had in
—OC

Chr.I is f‘ox* the gpecial kernel K(x) =

,,o

The\tem rTauberlian theorems

tlcaN} by G.H.Hardy and J.E.Littlewood, even though the
¥ has been furmished by their

" hag been used sygtema-

wza”‘;n tmpetug for thelr stud

own work. The general Tauberien theorems-of N, Wiener,

Anmals of Math.?%(1932)1-100, changed the character of the

subject to a considersble extent by bringing in the theory

of Fourier transforms and closure-~properties.

if a
The clazslcal theorei of Teuber states that if

1
series J_a  is summable by Absl's method and &= olp)
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then 57 a  converges. See tMonate Hefte flir Math.8(1897)
i 1 1y
270" B i = otk
73277, The corndition & ro(y) was replaced a = O(7) by
J.E.Littlewood, Proc.fondon Math.Soc. 91577 Ja3bk-Li; G.H.
Herdy ang J.E. Littlewood further Improved the theoreom Ly

baving the condition n ap> -B instead of n a = 0(1) Pre.
London Math.Boc.{2)13(1914)174-191; E.landau made the .

a8suption, S;= 0(1) and 1im  max I8,-8,.1= 0 wuﬂiog
-3+0 {m-nl{né O

It
*n~2_ 2. Rendiconti Palermo,35(1915)265-276.

Finally obtained the theorem with the Tauberlen condition:

B ‘Szhmmn

, ot

\:"‘3
1im lim (5, -2 )N
b=>+0 nﬁrﬁi-_'mq-ﬁ) m ?‘:,\\;
n—owm &?
’}\
Dees Math.Zelt,22(1925)85~152. ALY phese comclusionz are
lmlled ‘Dv theoren 55, v:;.::&

Our trestment of geﬂ.efa‘ﬁ Tauberian theorems clozely
Tollows 3. Bochner's Jvn E@Yllner Sitzungsherichte (1333
PE6-1kL, ang in Joui\iondon Math.Soc.5(1934)161-k8, but
the SGDEI’albackgp?md 15 supplied by Wiener's paper loc.
cit. we hav@:\;lﬁtroduced “funetions of alow growth” Iints
the avers %:.\;Eonaidered; thiz hse nov been done by Wlener;
theorem QA 1 perhaps new.

’i‘b' should be noted that in §4 5 does pot stand for

the derivative of S, but 1s defined by the given suosti-
tution.
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